Answers to the Exam Quantum Information, 2 November 2026
each item gives 2 points for a fully correct answer, grade = total 9=24 1

1. (a) A valid density matrix must be (i) Hermitian, Y; (i1) of unit trace,
Tr 1; (iii) positive semidefinite, so that no eigenvalue is negative.
(b) 1 is a valid density matrix. It is Hermitian, because the coe L[ciehts
é of jOoih2j and j2ih0j are each other’s complex conjugates, and Tr
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3 1. In the basis fjOi; j2ig the block 3 has eigenvalues O
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and %; together with the eigenvalue % of j1i, no eigenvalue is negative.
> IS not a valid density matrix. It is Hermitian with Tr , 1, but one
eigenvalue, 1=4, is negative.
3 IS not a valid density matrix: it is Hermitian and positive, but Tr 3 g
1.
c) Equivalence in one direction: if 2 jghen Tr 2 Tr 1; in the
other direction: if Tr 2 1, it megns that 2 1,with ,2 0;1 an
eigenvaluelgf . I also know that | 1, since Tr 1. Subtract the
twosums, , n 1l n 0. This is a sum of positive numbers, it can only
vanish if each term in the sum vanishes, so , 2 f0;1g, hence 32 n for
allnand 2

2.a)L Y L Y L ,soit'sHermitian;thetraceisTr KJK, KiK;
Tr 1.

b) 07 ,soL 51 _ »which is a mixed state.
oL 3 o > ¢ 1 O, which is a pure state for 1.

3. a) The 4 operation rotates a point on the Bloch sphere by around the x-
axis. The rotated state is not orthogonal to the original state (an orthogonal
state would be located at the inverted pointr , F).

C) N

4. a) The encoded state is jOOOi1  j111i, after the bit flip error itis jO10i
j101i
b) carry out a parity-check measurement (by means of two cnot gates on a



target ancilla qubit) with the first two qubits as control and another parity-
check measurement (using another ancilla as target) with the last two qubits
as control; measurement of the two ancilla’s reveals which qubit has been
flipped; this can then be corrected with a 4 operation, without knowledge
of the value of the qubit

c) The encoded state jOOOIi j111i becomes jOOOi J111i. The parity
checks detect no error, so the code o [Cerk no protection against phase errors.



