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Lattice Elasticity: Preliminaries
Vertices labelled by ℓ are at position Rℓ; b labels a bond of length Rb

vb: Lattice analog of non-linear strain 
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Linearized Limit

In Equilibrium, the force at every site must be zero. 
Eliminates linear term in vb in first term in UT . 

First term could come from internal or external stresses
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Continuum Limit

This expression is for the free energy before any relaxation in 
response to external stress.  Kαβχδ is symmetric under 
interchange of any pair of indices – Cauchy symmetry.
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Maxwell –Calladine Count: No Tension

# Degrees of freedom:  dN;    # of constraints:  Nc = NB = zN/2
Maxwell: N0 = dN – Nc -> zc = 2d

(a) N=6, Nc = 7: N0 = 2x6-7 = 5 = 3+2
(b) N=6, Nc = 8; N0 = 2x6-8 = 3 +1
(c) N=6, Nc = 9; N0 = 3
(d) N=6, Nc = 9; N0 3

(d) Has a state of self 
stress: bonds can be 
under stress with net 
zero force at nodes.π
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C. R. Calladine, Int. J. Solids and Struct. 14 (2), 161-172 (1978).



Equilibrium and Compatibility Matrices

May/2018 Leiden elasticity lectures 3



Calladine Theorem
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An Example
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No zero modes or SSS;
N0-S=0=5-5=0 State of Self stress, no

Zero mode: N0=0,S=1: 
N0-S=-1=5-6=-1

One Zero mode, no SSS:  
N0=1,S=0: N0-S=1=5-4=1              

6



Periodic Maxwell-Calladine
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Maxwell-Calladine
applies for every q



SSS’s and Elasticity I
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States of self stress determine elastic response.  To see how this 
comes about, we consider applying an affine strain to a system 
under periodic boundary conditions.  The affine response is not 
the lowest energy one, so there will be local relaxation.  Here we 
calculate that relaxation and relate it to SSSs.



SSS’s and Elasticity II
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Singular Value 
Decomposition



Periodic Lattices
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Guest-Hutchinson Modes
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A fully gapped Maxwell lattice (FGML)has exactly d zero 

modes at q=0 under periodic boundary conditions in d
dimensions and thus d q=0 SSS’s. d(d+1)/2 SSS’s are 

needed for elastic stability.  Thus FGMLs have d(d-1)/2 
elastic distortions of zero energy – the Guest-Hutchinson 

modes.



GH modes and phonon dispersion
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Mode Examples
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det 0Gu <
!

det 0Gu >
!



Networks of Semi-Flexible Polymers (zm=4)

cortical 
actin gel

neurofilament
network
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Janmey
Computer generated 
Model (Huisman)



Two-dimensional “Straight Models”
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Mikado model (MacKintosh, Frey,
Head, Levine, Huessinger)

Kagome

Diluted 
kagome



Three-dimensional “Straight Models”
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3d kagome (+ diluted)
Stenull, TCL Diluted fcc lattice with cutting 

rules (Broedersz,Sheinman, and 
MacKintosh)



“Bent” Lattices
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Twisted kagome + 
3d generalization

Diamond 
Lattice

p=1 limit of these lattices are not stable  without bending.

Topological Lattices
Show movie



2d and 3d lattices and Isostaticity (z=2d)
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2d kagome: z=4 – Just isostatic: support  of shear not 
unreasonable.  Bending forces essential for stability when 
lattice is diluted.

3d Kagome: z=4 – subisostatic.  There is an extensive 
number of zero modes.  Nonetheless, the undiluted lattice 
supports macroscopic compression and shear. How is this 
possible? Bending forces necessary to keep diluted lattice 
rigid.

2d triangular (z=6>4) and 3d FCC (z=12>6): 
overconstrained: have a central-force rigidity threshold.



Affine Response
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Straight lines are mapped to straight lines: No bending.
Any lattice with sample crossing straight lines along 
enough independent directions (3 in 2d) and affine 
response will have nonvanishing elastic central-force 
elastic moduli.



Non-affine Response
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Affine response: microscopic 
strain is the same as macroscopic 
strain.  Response to uniform 
stress in Bravais lattices and 
homogeneous solids.

Non affine response: local and 
macroscopic strains differ. 
Response in and multi-atom 
periodic unit cells and in 
random systems



Non-linear elastic response
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γ4= strain at which G’= 4G’(0)

Infinite µ (no 
stretch) theory 
Good up to   γ/γ4
~1. Thermal
bending 
fluctuations only

For γ/γ4 >1, 
stretch is needed

Data from  Janmey’s lab
Storm et al., Nature 435 (7039), 191-194 (2005).



Filament Energies
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Wormlike chain

Elastic beam model



Networks of Semi-flexible Polymers
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Wilhelm and Frey, PRL 91, 108103 (2003);
Head, Levine, MacKintosh, PRL 91, 108102



Non-Affine Response in 2d Networks
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Wilhelm and Frey, PRL 91, 108103 (2003);
Head, Levine, MacKintosh, PRL 91, 108102



Mikado vs Diluted Lattice
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Properties of Beam Model
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Force on interior nodes with 
two neighbors along each 
filament is zero under affine 
distortion.

Inverse spring constants of two filament segments 
add in series: Important for lattice models



Shearing the kagome lattice
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Diluted Kagome
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Central-force kagome shear modulus
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p=1: first-order transition for the CF kagome model



Diluted Kagome near p=1: EMT+ 1st-order
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Note: Reasonable expectation that EMT provides a good 
description of p=1 fixed point.  The jamming transition with an 
isostatic critical point is a MF transition with EMT exponents.

See Broedersz, Sheinman, 
and MacKintosh



Comparison of EMT and Simulations
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Simulations and EMT, with first-order correction, 
follow closely down to p~0.73.   EMT misses the 
value of the bending-dominated rigidity threshold.



Fits of EMT and Simulations to Scaling
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Simulations follow numerical solution to EMT, and 
both break away from the scaling curve at 
τ ∼ 10 κ/µa2.



Z=4 Lattice with Straight Filaments
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Olaf Stenull, TCL



3d-Kagome
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• 3d undiluted kagome : straight, sample traversing filaments.
• Affine response; all elastic moduli are nonzero and scale as µ/a2. 
• Data near p=1 collapse onto the kagome EMT curves with a 
different scale factor.
• There is a regime in which G~κL2/lc4



Twisted kagome
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Note: The bulk modulus is zero at κ=0 and m is finite at p=1 but 
zero as p-> 1-.



Rigidity Percolation with 
Bending:Triangular lattice
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Two critical points: central force at  κ
= 0 and bending at κ>0.  Interesting 
crossover at κ= 0 critical point

Broedersz, X. Mao, TCL, MacKintosh, 
Nature Physics 7 (12), 983-988 (2011).

Analogy with resistor network with σ> and σ< (Straley); Jamming 
with extra bonds (M. Wyart, H. Liang, A. Kabla and L. 
Mahadevan)



Scaling Results
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Note increase in G at both the central-
force and bending
Rigidity percolation thresholds.

2D EMT and simulations

3D simulations



Review and Conclusions

• Periodic lattices provide good models for filamentous 
networks
• Effective medium theories provide excellent 

descriptions of the elasticity of beam models near 
p=1
• Beam models have special features that are not 

necessarily shared by real filamentous networks
• Under-coordination of z=4 3d models with bending is 

not an important factor in determining their elastic 
response.
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