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Lattice Elasticity: Preliminaries

Vertices labelled by ¢ are at position R; b labels a bond of length R,
U, = ;V(Rb) — Z<M>V(| R,—R,|)
R, =R, +u; R =R +Au; Au =u, —u,
. _ 2 2\ _
RbO = Re’o - Reo ; Uy = %(Rb - Rbo) — RbO 'Aub + %Aub 'Aub
Invariant under: R — OZ_ijj; OZ.]. is a rotation matrix

v,: Lattice analog of non-linear strain

Expand to 2nd orderin v, : V, (R (\/R2 + v )

~R VIR Ju, + 1R [vb"<Rbo> - R;v;wb@]v?

b
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Linearized Limit

AU, =2 By F @, +32 KOR,Y,

First term could come from mternal or external stresses
F(b)=V(R )= Tensioninbond

b
k(b) = |V/(R,) — B V/(R,,)
I, 1V/(R J v, = Vb/(Rbo)ebo 'Aub — Fb(Rbo) ' Aub

b0 b

In Equilibrium, the force at every site must be zero.
Eliminates linear term in v, in first term in U.

ou,
F /)= F 0,0 0
(0= e (VDR
" 177/
AUT — %Z [V €0:€h0; +Rb0 Vb((S ~ €40i%0; )]Aubz’Aubj

— %Zb[Vb”(Aug) T Rbolvb/(Aub ) ]
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Continuum Limit

Reference space vectors: R,

Target space vectors: R =A R

1w b0«

v, =R, R (ATA 5@)—23 R
Uys = 5(8@1% +0,u, +8au-8ﬁu)

HD:dea:[%K sUoslhs T 0 U, /3]

2RRRR

503~ b0~ 606‘ <€,€'>
a — 21} ZF bOﬂ >

1R Rb()ﬁ ‘ < >

This expression is for the free energy before any relaxation in
response to external stress. K By is symmetric under
interchange of any pair of indices — Cauchy symmetry.
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Maxwell —Calladine Count: No Tension

C. R. Calladine, Int. J. Solids and Struct. 14 (2), 161-172 (1978).

# Degrees of freedom: dN; # of constraints: N, = Ny = zN/2
Maxwell: Ny = dN — N_-> 2. = 2d

MN \{
|
|

~—

-0

-

(c) (d)
x0-7 = 5 = 3+2 | | (d) Has a state of self
3 +1 stress: bonds can be

under stress with net
zero force at nodes.

N —S=dN—N,
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Equmbrlum and

Compatlblllty Matrices

AU, =332 W(u))] = £ ke
e = A 'b b Au = bond extension or stretch
éb = Nb dimensional vector of bond stretches
ST >
AUTa: %ebkeb ,
L U
t = 8eT =ke —t (N, dim);, f = uT
b - — & P —
c.i=2 Q.t=f AW=f . Ai=t Q" -Ad
PN -7 N g/ R
C: Compatibility matrix AW, =t -Ae=1t" -C-Au
Q : Equlibrium Matrix AW =AW, = c=qQ"
o - C:u (dim. dN)to & (dim N )
AU =1G".¢7k-C-4 | K
r = 2 = dN x N, Matrix
— lE)T .(lz_l ? < . 2.
2 Q: t(dim. N ) to f(dim dN)
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= NB X dN Matrix
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Calladine Theorem

C-U=0; Displacements with no stretch:
zero modes = Nullspace (kernel) of C
Q-t= 0; Tensions with no force:

States of Self Stress = Nullspace (kernel)of Q.

Rank-Nullity theorem:
Rank(M)+Dim(ker(M))=No. of columns of M

Rank(M) = Rank(M”)

Rank(C)+N =dN; Rank(Q)+S = N,
N, —S=dN—-N,
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b = (1,0) Setu, =0,u, = (u, ,0)

An Example f) —(l ﬁ) = 3 constraints,
) 2~ \27 2
R 5 degrees of freedom
b3 — (17 0) Set 1: 5 bonds (nob );
f) _ (l ﬁ) Set 2: 6 bonds;
Y
A4 27 2 Set 3:5bonds (nob, orb, )
b o=(—1,8)
5 27 2 u_(ul 7/u’2x7/u’2 U’ u )
N (31 _
by =024 =Py @ %)
1 0 0 0 0 1 0 0 0 0 1 00 0 O
- -1 4 ¥ 0 0 E:—%%éoo
=l 0o 10 -1 0 o R B 0 1 0 -1 0
000 3 ¥ B B 0 0 0 -1 B
1 _1 B 2 2
109 0 L B ; 00 =3 3
2 S 0 L 1 0 o0 One Zero mode, no SSS:
No zero modes or SSS; NO=1,5=0: NO-S=1=5-4=1
Ny-5S=0=5-5=0 State of Self stress, no

Zero mode: N,=0,5=1:
Ny-5=-1=5-6=-1
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Periodic Maxwell-Calladine

dn —
Periodic Systems: , O(q) s(a) = dn "
o _, Maxwell-Calladine  n (q): #zeromodes at q
):

C(q)t(q) = &(q);
C_i((q))%( (q)) B ?((q)), applies for every q ( # SSSs at q
Q) =149 n : sites/unit cell

for every q:
v n, : bonds/unit cell
Maxwell Periodic lattice:
dn=n, =n,(q) = s5(a)Vq
In the bulk phonon spectrum,

there is exactly one zero mode
for each state of self stress!
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SSS’s and Elasticity |

States of self stress determine elastic response. To see how this
comes about, we consider applying an affine strain to a system
under periodic boundary conditions. The affine response is not
the lowest energy one, so there will be local relaxation. Here we
calculate that relaxation and relate it to SSSs.

(ué’i o uéz’)afﬁne — Aij(RK/O,j o RKOJ) - Aijb<€’€/>’j

€, o = EbiAijbbj (linearized)
e=e_ +C-u
AU, =L@ +d"-C")-k-(€ +C-u)

U meaures the deviation from affine strain.
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SSS’s and Elasticity |

Break C into components of its range and null spaces

AN : _
I —PR—I—PZ, | 2 PR—I—PS
C=(,+P)-C(P,+P)=C,+C, +C, +C
C-u= (CRR + CSR) Up Singular Value
a-C-u=23a- CRR u=a, .CRR ‘U, Decomposition
AUT — %(ez;‘f —|—u£ 'QRR)'k'( aff _'_ERR aR)
08U, Q. -k-(8 +C )=0
= u =
8u; RR aff RR R
Kpr '(éaff,R + Crx 'GR) = —Kpq éaff,S
— < — -1 1 -
(eaff,R+CRR UR):_kRR Ko €.trs
— 187 (k —k Kl'.Kk V)@ =—1gT (k!
AUT o 2eaff,S (kss kSR kRR kRS) eaffS o 2eaffS (kss
12T 3§ 3T -1\l 3 :T a
2 eaff,S tntn (kss) tmtm Z affS

E’I’L
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Periodic Lattices

Aéaﬁ is spacially uniform = only q = 0 part of ’En contributes.
N N

'f;al — p Zn,m é)ail;f | .En{: .(kgsl)_l | .En{: | é)aff — 2‘/6' an <§a7;f | .En)Q

2V
éaﬁ and t are now vectors of dimension n,.

a;

5 lx 51_\‘ 0 0 _61_\' _5]_\‘ \/5

kagome (3 SSS's): A = u = ?k

~by,  =by by by 0O 0
0 0 —by.  —by, by by _ ' \/5
Com@) =| . I | Twisted Kag (2 SSS's): A = -u = —k
—by  —by 0 0 el hy, e p,, 8
eiqlﬂzl’;i\' eiq-agéﬁ.\_ _55.\' _[;5_\' 0 0 B — A —I_ ILL — O; BUIk MOdUIUS
0 0 e ®he, e Bhg, —be,  —bg, =Lua 0 U = —1
6. 6 6. 6 ) ol 5 ,uuaﬁuaﬁ, Uaﬁ Uaﬁ 5 aﬁuw
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Guest-Hutchinson Modes

A fully gapped Maxwell lattice (FGML)has exactly d zero
modes at =0 under periodic boundary conditions in d
dimensions and thus d q=0 SSS’s. d(d+1)/2 SSS’s are
needed for elastic stability. Thus FGMLs have d(d-1)/2

elastic distortions of zero energy — the Guest-Hutchinson
modes.

4‘)ﬁ4%¢l)¢‘h

oasveseefe i
( ;V{ m,‘c N4 '*“ X ’ ’A‘I f) t’"
~ V}’)%‘?)?Jhbjh‘ s ?»’ 4‘.'
,J,y;y;y;ng 4’1! 11“'!3

YAM A‘V/ WP‘&. b\’z‘h\kf“‘) )’

N \/ ul —
(a) (b) (c)
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GH modes and phonon dispersion

May/2018

Let u© = (ufx,uz,ufy) be the strain of a 2D Guest mode:

G
u’ |=| 0
rryy yyyy yyry vy
oK 2K 4K u° ¥
u’(q) = (iqxuf,iqyuj,%(qxuj + qyuf)) also zero mode if
00 _ul Ut o,
¢ G G G
qyuy /g%/ 2qyuy u%/
qy ]. G el
=Y., \J—detu
qx uﬂl’ﬂl’
q 1
= —|u’ £ \/—detuG
G xy ~
qx ul'l'
detu® < (>)0: uu® < (>)0, i.e., positive (negative)

~Yyy Yy
Poisson ratio if yfy =0: q, /qy Real (imaginary - surface mode)
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Mode Examples

(a)

det u” > 0

Y

“ =0= detu”

A2

=uu" — |
T Yy

) 4 /\ /\ ©)
)
< %

detu” < 0

— = Pos. Poisson ratio

+ = Neg. Poisson ratio

detu® <0 q, /qx real = zero-bulk mode to order g.

detu® >0 q, /qx Imaginary =- zero-surface mode at order q.
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Networks of Semi-Flexible Polymers (z,,=4)

Computer generated

cortical =rmev neurofilament Model (Huisman)

actin gel network
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Two-dimensional “Straight Models”

AR = Ny ";.:\:.\-'.‘A""i '\
Sarand Ao XN g \ “' f
X SRS AL \(B":
A P e Kagome
v \‘."‘\“-“'-“.«\‘iﬁ-ug SOA M TLZA :
\\‘ |\ AR Rl "
RO A=

) -
A ~

[
e
3

‘\'?&:“'QW A
XN
DK

/A

Diluted
kagome

Mikado model (MacKintosh, Frey,
Head, Levine, Huessinger)
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74\ Wi .4\7 K

A 1] % o~
‘:4 :

\>// > .

‘»Q \\ ..\.

Diluted fcc lattice with cutting

rules (Broedersz,Sheinman, and

MacKintosh)

5
Q
5
. \\Mu\h» i ' —
) f \\,% 77, ToAS n 2 ©
W \%%ﬁl\.\" 28 °©
_ sm.‘wua,,w.&m\.v .t.% .,I& +
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Three-dimensional “Straight Models”
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“Bent” Lattices

p=1 limit of these lattices are not stable without bending.

Diamond
Lattice

Twisted kagome +
3d generalization

Topological Lattices
Show movie
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2d and 3d lattices and Isostaticity (z=2d)

2d kagome: z=4 — Just isostatic: support of shear not
unreasonable. Bending forces essential for stability when
lattice is diluted.

3d Kagome: z=4 — subisostatic. There is an extensive
number of zero modes. Nonetheless, the undiluted lattice
supports macroscopic compression and shear. How is this
possible? Bending forces necessary to keep diluted lattice
rigid.

2d triangular (z=6>4) and 3d FCC (z=12>6):
overconstrained: have a central-force rigidity threshold.

May/2018 Leiden elasticity lectures 3



Affine Response

Straight lines are mapped to straight lines: No bending.
Any lattice with sample crossing straight lines along
enough independent directions (3 in 2d) and affine
response will have nonvanishing elastic central-force
elastic moduli.

May/2018 Leiden elasticity lectures 3



Non-affine Response

Affine response: microscopic
strain is the same as macroscopic
strain. Response to uniform
stress in Bravais lattices and
homogeneous solids.

< ,

N o Non affine response: local and
NSO | macroscopic strains differ.

L W 5 .

O\ Response in and multi-atom

| | /

o - periodic unit cells and in

' ' - ‘ random systems
(@) (b)

1,affine — /yz'j'rj — xz‘ —I_ uz‘,aﬁine
6u¢(x) — uz(x) T U, sffine

I'= <(uz(x) B uz’,affine)2> / 72
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Non-linear elastic response

10
A
8 -
n
[ E
g —
o
&

Collagen
Fibrin oscilatory

Fibrn steady

Vimentin

Neuroflaments
ctlin

Theaory

~,= strain at which G’= 4G’(0)

May/2018
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Infinite . (no
stretch) theory
Good upto /v,
~1. Thermal
bending
fluctuations only

FOF 7/74 >17
stretch is needed

Data from Janmey’s lab



Filament Energies

K

Wormlike chain [ = T — persistence length;
o1
2
L L = contour length >>/
E= llﬁ)f ds a9 8 P
2 Jo l|ds 12 .
k(L)= —=elastic constant
Elastic beam model TL
Upt | (au) (dPu)
U u
E =—|] dsijpu|l—| +Kr|—
beam 2L 'u[ dS] dSz]

u=-s, u(L) —-u(O) =AL=~L

=v=AL/L=E_ :%%(ALY :>k(L):%

[, = \/E = bending length
May/2018 ILL
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Networks of Semi-flexible Polymers

| e .
‘. S VAN e . % ' ‘l‘!':.‘l' on «0
-~\‘;\‘,, 1 '/.\" w +a
"’QW;.‘:‘!»,\\"A .:5‘/.‘ 107 o’ 1
102 + ." - i
£ 10°F .u -
Q o "
@ 104 . 1
10° : 1
o L/l =1301
@ . 2001
\“‘} 10 46.77
’,({ Sl e 774D
2 " 1 10’ 107
' f L/A
G—G, asL— o G Y
affine I e, ’
-4— O —
Possible because G — G _ ¢ )
affine op=15 A 5
6 oOp=20 ) —
when k=0 and L = co. But Why? g | ops " _
R} Ap=
-8 b, -
=60
Nonaffice response for random B G s
-10 p=100 v=2.83 u=6.Ei7 p.=5.71 " —
systems expected. L +p=150 G=5p"g(0: 8p") !
=% o0 2z 4 s
log, 5t 3p")
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Non-Affine Response in 2d Networks

Wilhelm and Frey, PRL91, 108103 (2003);
Head, Levine, MacKintosh, PRL 91, 108102
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Mikado vs Diluted Lattice

Lattice
L=a/(l1—p): divergesatp =1

Mikado

L : Filament length, fixed . .
. ~ a . changes very little with p
[ . Average distance between ‘

W: For any W < oo, there 1s a
crosslinks; Changes with density 4 OO

a non-zero probability of sample
of filaments

. crossing filaments = Affine
W System size; L <W

. , stretching controlled elasticity
L — oo limit not directly accessed .
L — oo directly accessed at p = 1.
Finite-size effects near p = 1.
Both: Rigidity percolation critical pointat L // = (L/1),;
central-force affine behavior at L > I/, Fixed point at L. — oc.

Scaling collapse expected only near fixed points.
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Properties of Beam Model

Force on interior nodes with

two neighbors along each
filament is zero under affine

distortion.

ol = lleh.vl.jelj; oL, = lzelivl.jeij
f =k(l)ole; £ =—k(l)dle,
f +f =0 ifk(/)~ [

11e1

Rt —7he;

Inverse spring constants of two filament segments
add in series: Important for lattice models

KU+ )= U+ )=k ()=
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Shearing the kagome lattice

W=Na=6a
N, =P(p)N=P(p\W/a
= Number of filaments crossing sample

P(p)=p"
— Probability filament crosses sample
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Diluted Kagome

Nya sinae —>»

~— W,

oW =We (¢)v,e,()
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Central-force kagome shear modulus

1
By = KXW =L 6,007, () =22 sin’ peos’ o
o=0,m/3,2m/3
sin” ¢ cos’ ¢ = %sin2 20 = %sinz(w /3)
N E, 1 P(pp , sin227r/3_1
f_W ’sint/3 8 a Y sinw/3 2 (p)%“y
G(p):pW/a\/Sglu W—oo >O, G(pzl)_iﬁEGO
a a

p=1: first-order transition for the CF kagome model
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Diluted Kagome near p=1: EMT+ 15%-order

G (P) =Gy g(7);

g(T)=A—+1+ A7)° | AT =;

G

EMT

T =

2
Kk L

3
a a

2

K

1

- Lr

pa* 1-p)*  a*

for

1

5

[a

4

1f 7 — o0

ATr/4 it —0

<1

Note order of limits:

limlimG,, =G, ot
k—0 p—l a
ImlimG,. . =0

bl 0 EMT

See Broedersz, Sheinman,
and MacKintosh

G(p,pu,k,W,a)=max[G(u,~, p,0o,a),G(u,0, p,W,a)]
— G, max[g(7),p""“]

Note: Reasonable expectation that EMT provides a good
description of p=1 fixed point. The jamming transition with an
isostatic critical point is a MF transition with EMT exponents.
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Comparison of EMT and Simulations

@ ! by !
= 001 = 0.01¢
O < Q
~ < ~
x 1074 N x 1074
S 3 =
b 10—6 Q 10—6
—E— k=1
10_8 ' — O =102 10—8 R
0.5 : 10~ 0.5
p TV k=100 p

Simulations and EMT, with first-order correction,
follow closely down to p~0.73. EMT misses the

value of the bending-dominated rigidity threshold.
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Fits of EMT and Simulations to Scaling

Un(T)

K:10-6'§

106 10-* 001 1 100 1o

Simulations follow numerical solution to EMT, and
both break away from the scaling curve at
T~ 10 K /pa?.
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/=4 Lattice with Straight Filaments

X N
N, XYY
SR A
e Fpm=
NARREK )7 -

= &Ry
g’

e — ““T{ =
XRRNWAEY

S =

AU SR

Olaf Stenull, TCL
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=1 3d-Kagome

* 3d undiluted kagome : straight, sample traversing filaments.

* Affine response; all elastic moduli are nonzero and scale as ./ a?.
* Data near p=1 collapse onto the kagome EMT curves with a
different scale factor.

* There is a regime in which G~k L? /1 *
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Twisted kagome

¥ =0.01 /3

0.01

B(p.x)/B*"

= 0.001 71/3
001+

- k=1

= k=10""
— k=10"*
1076 F & k=10"6

1074}

(o) /T

¥ k=0

—8....|....“‘...
100.4 0.5 0.6

P
Note: The bulk modulus is zero at k=0 and mis finite at p=1 but
zero as p-> 1.
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Rigidity Percolation with
Bending:Triangular lattice

Two critical points: central force at ,
— 0 and bending at k>0. Interesting G ~ k(Ap) f[y)]

crossover at k = 0 critical point _ k(Ap)t %(:Fl I \/1 + 44y / 9)
DR \ B 1—(¢ t
TR \BEo SO Ap = 0
R OSSD RGBT SN
Y YR P KA
‘3.":“@!,290 t =140, =3.0;t, =1.6;0,, = 3.6
"A‘W#‘A"&?‘_AM}}Q,&, o =140, =3.0;t,, =169, = 3.
y=(x, /K)/ (Ap))
p = thresholdatx, =0
c b

B/
" Apzp—pc; tEMT:1’¢EMT:2
623 AT oo S
P — <(11(X) B uaffine)2>

New bending
CPA (X. Mao)

t — ]- 07 ¢ — 2 O Analogy with resistor network with o and o_ (Straley); Jamming
with extra bonds (M. Wyart, H. Liang, A. Kabla and L.
Broedersz, X. Mao, TCL, MacKintosh, I\/Iahadevan)

Nature Physics 7 (12), 983-988 (2011).
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Scaling Results

a 104

2D
f/o
102
= 100y EMT Sim. «
d — ¢ 07
© j02F — 102
— @ 1073
10-4F — > 07
' - = 10
— A 06
10‘15074 1072 109 102 10% 10° 108 10
x|Apl¢
2D EMT and simulations
104 . -
/o e *
102 ,'
« 100rF ' : 4
I_? :'., 10 3D )
© 102
Y
1',;‘- 100
10_0.4 075 0t6 0?7 078 oi9 1 1041 1072
T
. . 10704 100 10% 108
Note increase in G at both the central- 108 107 109 107 107 106 10° 101
force and bending xlaple
Rigidity percolation thresholds. 3D simulations
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Review and Conclusions

* Periodic lattices provide good models for filamentous
networks

* Effective medium theories provide excellent
descriptions of the elasticity of beam models near
p=1

* Beam models have special features that are not
necessarily shared by real filamentous networks

* Under-coordination of z=4 3d models with bending is
not an important factor in determining their elastic
response.



