MASSLESS FERMIONS IN FINITE VOLUMES

Pierre van Baal

CERN, Geneva, Switzerland

We show that in the finite volume perturbation theory no zero-energy modes for the fermions appear and that chiral symmetry is unbroken in small volumes. We discuss the influence of the massless fermions on the glueball spectrum in a finite cubic volume for an arbitrary number of flavours in both SU(2) and SU(3). We also analyse the SU(2) group valued variables recently introduced by Kripfganz and Michael and show that a minor but essential modification of their effective Lagrangian for the zero momentum modes is exactly equivalent to the more conventional Lüscher-type effective Hamiltonian. This effective Lagrangian opens the way to intermediate volume calculations in the presence of massless fermions. Some of the limitations of the method especially in relation to the possible decay of glueballs into mesons will also be discussed.

1. INTRODUCTION

The last few years have seen a considerable progress in our understanding of pure gauge theories, especially in small to intermediate volumes with an extension of up to five scalar glueballs [1-4]. Particularly fruitful was the comparison between lattice Monte Carlo and analytic calculations in these volumes. Considering the difficulty of incorporating dynamical fermions in lattice Monte Carlo calculations [5], in particular for small masses, it should be useful to have analytic results in small to intermediate volumes, including the dynamical effects of massless fermions. In these volumes the present day algorithms might be sufficient to do a Monte Carlo analysis at reasonably small coupling.

There has, however, also been a considerable folklore concerning perturbative calculations in the presence of fermions. For example, if one chooses periodic boundary conditions in the spatial directions for the fermions, the perturbative expansion is to be performed away from A = 0 [6]. As a consequence there are no zero-energy modes for the fermions and there is no chiral symmetry breaking in small volumes.

In section 2 we will set up the boundary conditions, identify the quantum vacua and discuss the chiral pitfalls. Section 3 will contain the effective Hamiltonian and discuss some remarks on the non-perturbative analysis. In section 4 we will analyse the effective Lagrangian proposed by Kripfganz and Michael [8]. We end with some discussions. Sections 1 to 3 are a review of refs. 6-8, whereas section 4 contains new material inspired by ref. 8.

2. BOUNDARY CONDITIONS, QUANTUM VACUA AND CHIRAL PITFALLS

The finite volume will be a cube with sides of length L. This will allow for direct comparison with lattice Monte Carlo calculations on finite lattices. The reason that (semi-)analytic calculations are possible is based on asymptotic freedom, which implies that in small volumes the effective coupling constant is small. We will use dimensional regularization with minimal subtraction at the scale μ = 1/L. This means that the renormalized coupling constant is L dependent:

g−^2(L) = −2b_0 { ℓn(LΛMS) + b_1 2b^2_0 ℓn[−2ℓn(LΛMS)] } , b_0 = 1 (4π)^2 ( 11N 3 − 2nf 3 ) , b_1 = 1 (4π)^4 ( −34N^2 3 + 10Nnf 3 + (N^2 − 1)nf N ) , (1)

where eq. (1) holds for SU(N) gauge theory with nf families of Dirac fermions.

The gauge fields can be chosen periodic, whereas for the fermions we either have periodic or antiperiodic boundary conditions in the spatial directions. There is an interesting theorem which states that periodic fermions are gauge equivalent to antiperiodic fermions for SU(2). The gauge tranformation in question is given by:

g(x) = exp( 2πi L (x_1 + x_2 + x_3) σ_3 2 ) . (2)

This is an antiperiodic gauge function. It leaves the boundary conditions on the gauge fields unchanged, whereas it is easily seen to interchange periodic and antiperiodic fermions (which are of course assumed to be in the fundamental representation of SU(2)). From this equivalence it is clear that it is no longer obvious whether A = 0 is the appropriate vacuum to expand around. It can only be such for either periodic or antiperiodic fermions. Only in the first case can there be zero-energy modes for the fermions. It has been argued that this can lead to spontaneous chiral symmetry breaking, even in small volumes [9]. We will see, however, that zeroenergy fermion modes do not occur in perturbation theory. However, even if they would occur it would not lead to chiral symmetry breaking through the formation of a condensate [9]. To see this we calculate ⟨Ψ̄Ψ⟩ in a background of zero-momentum gauge fields, without averaging over the gauge fields: ⟨Ψ̄Ψ⟩A = mNnf L^3 √ m^2 + 2Tr(A^2)

+ O(m/L^2) , (3)

where m is the fermion mass term. For A = 0 one finds in the limit m → 0 that ⟨Ψ̄Ψ⟩A_{=0} = Nnf /L^3. However, one should take the limit m → 0 only after having averaged over the gauge fields in which case ⟨Ψ̄Ψ⟩ = 0 and no condensation of zero-energy fermion modes will occur.

As we said before, no zero-energy fermion modes are occurring in perturbation theory anyhow, making the above analysis somewhat academic. To show that indeed perturbation theory for periodic fermions has to be performed away from A = 0, we will give the effective potential for a background of abelian zero-momentum gauge fields, which is the set of classical vacua:

Ai(x) = Bi = Ciσ_3 2L . (4)

Veff (C) is half the sum of the transverse frequencies or equivalently: ∫ T 0 dtVeff (Cai ) = ℓn det′(−D^2μ(B))det(D/ (B))n^f det′(Wμν (B))^1/^2 , (5)

where: Dμ = ∂μ + iadBμ , D/ (B) = γμ(∂ + iBμ) , (6) Wμν (B) = −δμνD^2λ(B) .

Fig. 1: The graph for the effective potential V = L · V^+eff (C, 2π, 2π) for (a) nf = 0 and (b) nf = 3. In the latter case we added 24.79793 to normalize the energy of the quantum vacuum to zero.

After some calculation one finds for SU(2):

V ±eff (C) = V̂_1(C) − 2nf V̂_1(I(C + C±)) ,

V̂_1(x) = 4 π^2L ∑ n≠0

sin^2(^1_2 n · x)

(n^2)^2

, (7) = 2 L ∑ n |x + 2πn| + constant ,

where I is the isospin of the fermion, generally taken to be 1/2, C_+ = 0 which is relevant for periodic fermions and C− = 2π(1, 1, 1) which is to be used for antiperiodic fermions. For a similar result in the case of SU(3) we refer to ref. 6. From the properties [10] that V̂_1(x) is minimal at x = 0, maximal at x = π(1, 1, 1) and periodic with periods 2π, it follows that only for antiperiodic fermions the quantum vacuum is situated at C = 0, whereas for periodic fermions the quantum vacuum is at C = 2π(1, 1, 1), see fig. 1. In both cases no zero-energy fermion modes occur.

It is instructive to verify that for supersymmetric QCD the effective potential vanishes. Since the superpartner of the gluon has isospin one, satisfies periodic boundary conditions and is a Majorana fermion, effectively with nf = 1/2, eq.(7) indeed yields zero for V^+eff .

The periodicity of the effective potential is related to a gauge symmetry

gk(x) = exp(−πik · xσ_3/L) , [gk] C = C + 2πk . (8)

For k even, gk(x) is periodic and therefore an allowed gauge transformation, leading to: Veff (C + 4πn) = Veff (C) , (9)

whereas for any k, gk(x) is a symmetry for the pure gauge sector, explaining:

V̂_1(C + 2πk) = V̂_1(C) . (10)

We end this section by discussing yet another way of finding the quantum vacua, which will be useful for studying an interesting phenomenon for the gauge group SU(3) with periodic fermions. For this we consider the Polyakov line (without taking the trace) evaluated at a quantum vacuum configuration Ai(x):

Pj = Pexp(i ∫ L 0 Aj(x + tej)dt) . (11) This should take its value in the center of the gauge group in order not to spontaneously break gauge invariance. For SU(2) we therefore find Pi = exp(Cvaci σ_3/2) = ±1. To decide which of the two inequivalent configurations corresponds to the quantum vacuum, we still need to substitute Cvac in to Veff and one easily finds that for periodic fermions Cvaci = 2π(mod4π) and Pi = −1, whereas for antiperiodic fermions Cvaci = 0(mod4π) and Pi = 1.

For SU(3) one has Pi ∈ Z_3, but for antiperiodic fermions one easily shows that the quantum vacuum is unique and corresponds to Pi = 1 and Avac = 0. However, using periodic fermions leads to the surprising situation that the true quantum vacuum has Pi ≠ 1. Using the following discrete symmetries of the Hamiltonian: C : Pi → P ∗i ; P : Pi → P ∗i ; πi : Pj → P ∗j , i = j ; Pj → Pj , i ≠ j , (12) leads to an eightfold degenerate vacuum, spontaneously breaking charge conjugation and parity but preserving CP . This therefore means that for SU(3) the small volume spectrum dramatically depends on the choice of boundary conditions. For some of the consequences for the glueball spectrum, we refer to ref. 6. In the remainder of this paper we will restrict ourselves to SU(2) in the formulation with antiperiodic fermions.

3. THE EFFECTIVE HAMILTONIAN

Naively the low-lying spectrum would follow from the effective Hamiltonian: −g^2 2L ∂^2 ∂C^2i + V −eff (C) , (13)

but the conic singularities of V̂_1(x) at x = 0(mod2π) signal the breakdown of the one-loop approximation for integrating out the transverse degrees of freedom. The trouble is caused (at C = 0) by zero-momentum gauge fields for which the Yang- Mills potential is quartic: V = − 1 2g^2L Tr( [ ci, cj ]2 ) , Ai(x) = ci L = cai σa 2L . (14)

At C = 2π(1, 1, 1)(mod4π) there are also singularities due to the zero-energy fermion modes. However, these occur at a finite energy (2nf ×4.132988/L) above the vacuum and will therefore not be excited in small enough volumes, i.e. they will not cause a breakdown of the adiabatic approximation. The recipe to fix the quartic mode problem is as in the pure gauge case [11]. One derives an effective Hamiltonian which includes the quartic modes as slow modes. The fermions simply contribute through their polarization effects.

We will only give the final result for the effective Hamiltonian and refer for the derivation to refs. 6 and 7. Heff = − 1 2L ( 1 g^2

+ α_1(nf ))−^1

∂^2 ∂cai^2 + VT (c) + Vℓ(c) + · · · , (15)

where:

Vℓ(c) = V̂_1(r)−2|r|/L − 2nf V̂_1(r/2 + (π, π, π)) ; (16) ri = √ 2Tr(c^2i ) ,

L · VT (c) = 1 4 ( 1 g^2 + α_2(nf ))F aijF aij + α_3(nf )F aijF aijcbkcbk + α_4(nf )F aij F aijcbjcbj+ α_5(nf )(detc)^2 + · · · ; F aij = −εabdcbi cdj . (17) The numerical values of αi(nf ) are

α_1(nf ) = 2.1810429 × 10−^2 − 2nf · 3.098211 × 10−^5 α_2(nf ) = 7.5714590 × 10−^3 − 2nf · 1.7211922 × 10−^3 α_3(nf ) = −1.1130266 × 10−^4 − 2nf · 3.0178786 × 10−^5 (18) α_4(nf ) = −2.1475176 × 10−^4 − 2nf · 3.2156523 × 10−^5 α_5(nf ) = −1.2775652 × 10−^3 + 2nf · 3.2271736 × 10−^5

We note that the nf dependence is rather weak, and that in general the higher order corrections in VT have very small coefficients. Furthermore, the set of classical vacua is contained within the set of zero momentum gauge fields by restricting to VT (c) = 0, which is equivalent to Fij = 0.

The perturbative results for the glueball masses can be summarized by the formula L · E(nf , g) = ρ−^1L · E(0, ρ^2/^3g) + O(g^8/^3) , (19)

where ρ = (1 − 0.14132 × nf ), which means in particular that mass-ratios will only be weakly depending on the number of flavours. This remains true for SU(3) with antiperiodic fermions (with ρ = (1 − 0.09421 × nf )). However, as we have seen before, with periodic fermions there is a strong dependence on the number of flavours, especially comparing nf = 0 and nf ≠ 0 [6]. Consequently, this would be more useful for testing fermion algorithms, but unfortunately intermediate volume results are not easy to obtain for SU(3). In the next section we will see that for SU(2) in intermediate volumes there is in principle a strong flavour dependence for the glueball masses, but mass ratios seem to be less dependent.

We end this section by discussing how to go to intermediate volumes for SU(2). The idea is quite similar to the pure gauge case, where we decompose the wave function in a vacuum-valley and transverse wave function and demand the vacuumvalley wave function to be continuous and differentiable, which should be a good approximation, at least for the positive parity states [4]. To be more precise, we will have eight coordinate patches, labelled by:

ci(k) = 1 L^2 ∫ d^3x [ g_(k_) ] Ai(x) , (20)

with ki ∈ {0, 1} and gk as in eq. (8). We choose the radial coordinates as ri(k) = 2πki + (−1)k^i √ 2Tr(ci(k)^2) (21)

and identify the angular coordinates at the overlap for each pair of patches, i.e. at ri = π. In each coordinate patch the effective Hamiltonian is as in eqs. (15-18), with ci replaced by ci(k), except that in the expression for Vℓ(c) we rather have:

Vℓ(c) = V̂_1(s(k))−2|s(k)|/L − 2nf V̂_1(r(k)/2 + (π, π, π)) . (22)

si(k) = √ 2Tr(ci(k)^2) ,

It is important to observe that Vℓ(c) still has a conic singularity at r = 2π(1, 1, 1) due to the zero-energy mode for the fermions. We assume that the adiabatic approximation holds, which will be true if the wave function is small near this conic singularity. For example, if we take three flavours the effective potential is at its maximum exactly at this point, with an energy of 24.797928/L above the vacuum, which is considerably higher than the energies of the typical low-lying states one would like to consider. Therefore, in not too big a volume the adiabatic approximation for integrating out the zero-energy fermion mode at r = 2π(1, 1, 1) should be a valid one.

There is a slight imperfection in our derivation for the non-perturbative effective Hamiltonian. We have partially ignored the fact that the one-loop contribution of the fermions does depend on k. This dependence is properly incorporated in eq. (22) for Vℓ. But it is in principle incorrect to take VT in each patch as in eq. (17) with c replaced by c(k). One way to fix this is to redo the fermionic one-loop calculation by expanding around c(k) = 0 (all that changes are the momentum sums in eq. (19) of ref. [6], which will only modify the coefficients linear in nf ). This would, however, give a problem in the patch k = (1, 1, 1) due to the zero-energy fermion mode. The adiabatic approximation amounts to ignoring the zero momentum contribution in those momentum sums. With this procedure, Heff would be discontinuous at ri = π, due to the fact that we expand only to a finite order in the fields when computing VT . We should realize, however, that in the region where these higher order corrections can become appreciable the wave function will in general be small. With this in mind and the fact that the coefficients linear in nf are already very small, we will be making only a very small error if we ignore the fact that the terms linear in nf , occurring in VT and in the kinetic term, depend on the coordinate patch.

It is now relatively straightforward to perform a Rayleigh-Ritz analysis for this effective Hamiltonian, with only a minor modification with respect to the pure gauge case, which was described in full detail in ref. 3. We introduce the spherical coordinates: cai (k) = si(k)nai , (n^1i , n^2i , n^3i ) = (cos ϕi sin θi, sin ϕi sin θi, cos θi) , (23) ri(k) = 2πki + (−1)k^i si(k)

and take as a complete basis: ⟨c|ℓ, n; e⟩ = (−1)k·e ∑ m W (ℓ, m) 3∏ i=1 χ^(e^{i)}n_iℓ_i (si(k))Yℓ_im_i (θi, ϕi) (24)

where χ^(e^{i)}n_iℓ_i is exactly the same radial one-particle wave function, satisfying the same boundary conditions as for the pure gauge case. However, notice that due to the lack of symmetry it is impossible to block-diagonalize Heff with respect to e. Nevertheless, most of the matrix of Heff can be directly copied from the pure gauge result. The only modification is the matrix elements for the terms linear in nf . For the above described simplification the only newly to evaluate matrix elements are those for the fermionic contribution to Vℓ; it is the only part where Heff is off-diagonal in e.

In conclusion, a Rayleigh-Ritz analysis for the glueball spectrum in the presence of massless dynamical fermions is straightforward to perform. In the next section we describe an effective Lagrangian proposed by Kripfganz and Michael [8] which avoids working, at least explicitly, with coordinate patches and allows a Monte Carlo analysis for the low-lying glueball spectrum in intermediate volumes.

4. THE EFFECTIVE LAGRANGIAN

As is clear from the discussion in the previous section, the effective Hamiltonian is defined on a topologically nontrivial manifold, because we are using different coordinate patches. It is instructive to find the topology of this manifold. Each coordinate patch is a three-ball B_3 with boundary S^2, and for each spatial direction the two balls are joined at this boundary S^2, which forms the equator of the total space S^3, i.e. the three-sphere. On the other hand the group SU(2) is also topologically S^3. Since furthermore ci is in the Lie-algebra of SU(2) it is only natural to consider

Uj = exp(icj(k))(−1)k^j = cos(rj(k)/2) + iσanaj sin(rj(k)/2) , (25)

as the new dynamical variables, rather then ci. This gives the standard spherical parametrization of S^3 in terms of the angular variables (rj/2, θj, ϕj ), with indeed rj = π being the equator of S^3. Note that the coordinate patch is simply encoded through: sign(Tr(Uj)) = (−1)k^j . This thus motivates the Lagrangian proposed by Kripfganz and Michael [8]: Leff = Lkin + LF F + LV , (26) Lkin = −2( 1 g^2

+ α_1(nf )) ∑ i Tr(Ui(t)U †i (t + ε))/ε^2 , (27) LF F = −2( 1 g^2

+ α_2(nf )) ∑ i<j { 4 3 Tr(Ui(t)Uj (t)U †i (t)U †j (t)) − 1 12 Tr(Ui(t)^2Uj(t)^2U †i (t)^2U †j (t)^2)} , (28) LV = ∑ aijkt^{(2}i^)_1 t^{(2}j^)_2 t^{(2}k^)_3 − 2nf bijkt^(i^)_1 t^(j^)_2 t^(k^)_3 , (29)

t^(n^)i = Tr(U ni )/2 − 1 .

Let us analyse each term separately. The kinetic term (eq. (27)) is the discretized version of the non-linear sigma model Lagrangian:

lim ε→0 2Tr(Ui(t)U †i (t + ε) − 1)/ε^2 = −Tr({U̇i(t)U †i (t)}^2) = (ṙi(t)^2 + 4 sin^2(ri(t)/2)ṅi(t)^2)/2 , (30)

which is nothing but the standard S^3 kinetic term. Eq. (28) is such that for small ci it coincides with L·VT (c) in eq. (17), but the terms of O(c^6) have coefficients of order one, rather than of O(10−^3). Finally in eq. (29) the coefficients aijk and bijk were chosen such as to reproduce eq. (22) as accurately as possible [8]. In fig. 2 we show the deviation for the bosonic part of Vℓ, whereas the fermionic contribution is reproduced very well (except near r = 2π(1, 1, 1)). The glueball masses are calculated through time-time correlation functions. The operators used are the appropriate combinations of Tr(Ui) (Polyakov lines in the fundamental representation) to form irreducible representation of the cubic group. In the pure gauge case these operators couple to the various electric flux sectors. In that case, if one is interested in the glueball spectrum for zero electric flux, one should use the trace in the adjoint representation for the operators. The measure in the path integral is taken to be the Haar measure (which is the standard measure of S^3: dUi ∝ sin(θi) sin^2(ri/2)dθidridϕi).

Fig. 2: A comparison of (a) L · V̂_1(C, 0, 0) − 2(π − |π − C|) with (b) the approximation used in ref. 8 for Vℓ(C, 0, 0) in the pure gauge case.

In fig. 3 we compare for the pure gauge case (nf = 0) results of Kripfganz and Michael [8] (dashed lines), those obtained by using the Rayleigh-Ritz technique on Heff [3,4,12] (solid lines; for zA+_1 < 1 we indicated the perturbative result [11]) and those obtained from the lattice Monte Carlo calculations [2] (data points). We consider the mass ratios: √ K/mA+_1 , mT +_{11} /mA+_1 , mE+ /mA+_1 and mT +_2 /mA+_1 , where K is the finite volume string tension, which is the energy of one unit of electric flux divided by L and T^+_{11} is the state with two units of electric flux and the T^+_2 quantum numbers. We see that Leff certainly describes the main features correctly, but deviates in particular for T^+_2 and T^+_{11} considerably from what Heff and the lattice Monte Carlo results give. The reasons for these deviations were already partly analysed, namely the deviation of LF F from L · VT (c) and the deviation of LV from Veff . But equaly important is that the kinetic term and the measure should be those of flat three-space (in each coordinate patch). Fortunately, flat three-space is conformally equivalent to S^3 and the conformal transformation can be described in terms of Tr(Ui), allowing for a simple modification of Leff , which is exactly equivalent to Heff (provided we also transform the Haar measure used in the path integral to the flat measure).

To be more precise we can use stereographic coordinates for S^3 to show its conformal equivalence with the flat metric:

ṙ^2i + 4 sin^2(ri/2)ṅ^2i =

16π^2(ṡ^2i + s^2i ṅ^2i ) (π^2 + s^2i )^2 , si = πtg(ri/4) , dUi ∝ sin^2(ri/2) sin θidridθidϕi = s^2i 16π^3(π^2 + s^2i )^3 sin θidsidθidϕi . (31)

This transformation maps the three-ball with radius π on to one hemisphere of S^3. For the other hemisphere we replace the tangent in eq. (31) by a cotangent. One now easily verifies that in the new flat coordinates we have: Uj = (−1)k^j (π + i(−1)k^j cj(k))^2 π^2 + sj(k)^2

. (32)

In this new parametrization we find rj = π + π( √ 2 − Tr(Ui) − √ 2 + Tr(Ui))/ √ Ki , (33) where Ki = 2 + |Tr(Ui)| . (34)

Fig. 3: Comparison of the Rayleigh-Ritz results [3,10,11] (solid lines), the Monte Carlo results [8] obtained with the effective Lagrangian of eqs. (26- 29) (dashed lines) and the lattice Monte Carlo results [2] (data points) for the pure gauge theory. zA+_1 = mA+_1 · L.

The algebraic relation between Ui and ci also considerably simplifies the expression for F^2: 1 4 F aijF aij = − 1 2 Tr( [ ci, cj ]2 ) = (π^2 + s^2i )(π^2 + s^2j )

128π^4

(1 − 1 2 Tr(UiUjU †i U †j )) . (35)

Combining all the information we can now easily write down a path integral in terms of the SU(2)-group variables which is exactly equivalent to what one would obtain from the effective Hamiltonian: Z = ∫ 3∏ i=1 dUi K^3i exp( ∫ dt 2π^2( 1 g^2

+ α_1(nf )) ∑ i Tr(Ui(t)U †i (t + ε) − 1) (εKi(t))^2 (36)

+ 2π^4( 1 g^2

+ α_2(nf )) ∑ i,j 1 2 Tr(Ui(t)Uj (t)U †i (t)U †j (t)) − 1 (Ki(t)Kj (t))^2 − Veff (r(t)) )

There are very rapidly converging sums for Veff , using the error function [10], such that this theory can be easily simulated with the Monte Carlo method (we left the ε term in the Lagrangian to indicate the obvious discretization in time to be taken). The only complication is the modification of the Haar-measure, which requires a change in the updating procedure. But this is easily incorporated by rescaling the updating interval with the Ui dependent factor Ki.

We wish to end this section with a few remarks concerning the flavour dependence at intermediate volumes. Kripfganz and Michael [8] compute for various representations the glueball masses as a function of nf and found that when extrapolating the result to nf = 0, one would not retrieve the relevant pure gauge glueball mass. For example the T^+_2 mass would become in the limit nf → 0 the T^+_{11} mass of the pure gauge theory (this is the state with two units of electric flux and the T^+_2 quantum numbers), whereas both the A^+_1 and E^+ masses would converge in this limit to the energy of one unit of electric flux. On itself this is hardly surprising since they used as operators Polyakov lines in the fundamental representation, which at nf = 0 couple to electric flux. What is surprising though is the limiting behaviour. The operators based on adjoint Polyakov lines will give the same masses (but smaller signals) as those based on the fundamental Playkov lines, as long as nf ≠ 0. So the behaviour of the masses as a function of nf is inherent to the dynamics of the theory. In fig. 4 we exhibit a very simple toy-model which has the same behaviour. It is the double harmonic oscillator, with a build-in asymmetry, parametrized by b which is the equivalent of nf (compare fig. 1).

Fig. 4 is only meant to be schematic in illustrating the dependence of the energy levels on b. We have sketched the behaviour of the first four levels for b = 0, where even and odd states alternate. We also sketched the first two levels for relatively large b (the dashed lines) and for rather small b (the dotted lines). For a given value of g we see that the lowest mass (the difference in energy between the two dashed lines) does approach in the limit b → 0 the energy difference between the even and odd ground states. The reason is of course that the wave function for the first excited state has only one node. But at b = 0, when we wish to restrict ourselves to the symmetric sector, the first excited wave function has two nodes. Hence, the discontinuity is simply a consequence of identifying the appropriate states. However, in our perturbative analysis we saw that the spectrum depended smoothly on nf .

Fig. 4: The toy model of the asymmetric anharmonic oscillator to illustrate schematically the nf dependence of the glueball masses. The full lines give the energy levels for the symmetric double-well (b = 0). The dashed lines are for relatively large b, whereas the dotted lines give the energies for small b.

This is because as long as the energy of the excited state is smaller than b the wave function will be restricted to the left well in fig. 4, which explains why the dotted line joins up with the even excited state at weak coupling and thus exhibiting a singularity in interchanging b → 0 and g → 0. This instability has been studied extensively in the literature in the context of a semiclassical analysis [13], here it simply illustrates the rather distinct nf dependence in small and intermediate volumes.

5. DISCUSSIONS

In conclusion we have seen that in intermediate volumes the glueball masses do strongly depend on the number of flavours for obvious reasons. But the analysis of ref. 8 with the effective Lagrangian as given in eqs. (26-29) indicates that nevertheless the mass ratios are far less sensitive to the number of flavours. Probably the main advantage of using a Lagrangian formulation is that it seems possible to include the zero-energy fermion mode in the degrees of freedom for the effective Lagrangian (I thank Peter Lepage for mentioning this option). This should be possible with the same background field type calculations as were used before [3,6,10]. One now evaluates also diagrams with external fermion lines. The finite number of fermion degrees of freedom might make a Monte Carlo analysis feasible. It is much harder to include the zero-energy fermion mode in an effective Hamiltonian description.

This brings us to the question where the effective theory will breakdown. First of all, like in the pure gauge case, if the coupling becomes too strong one needs to include tunnelling over a classical potential barrier. The instanton configurations associated with this are well known to be resposible for some form of chiral symmetry breaking [14]. On the other hand, it might be that as soon as the zero-energy fermion mode becomes appreciably excited, it will be resposible for the formation of a non-zero chiral condensate. We consider this, however, unlikely in the light of the discussion in section 2.

The other interesting physical phenomenon to be addressed is the possibility that the low-lying glueballs can decay in to pions. In a small volume the glueball is kinematically forbidden to decay. This is because, due to the absence of zero fermion modes the pion will have a mass O(1/L), whereas the glueball mass is O(g^2/^3(L)/L). In larger volumes we will ultimately hit the pion-pion threshold where the effective Hamiltonian will develop an imaginary part. It is possible that this will in some sense be incorporated by including the zero-energy fermion mode in the effective Lagrangian. It is clear that there is a large number of interesting dynamical questions, which are worthwhile investigating. In the meantime, the intermediate volume results should provide a useful testing ground for the dynamical fermion algorithms, as for example employed in ref. 15.

ACKNOWLEDGEMENTS

I wish to thank András Patkós and the other organizers for inviting me to this instructive workshop in a pleasant setting. I thank Dimitri Lebedev for extensive discussions, and I say cheers to all my friends for their enjoyable company.

REFERENCES

1. B. Berg, Nucl. Phys. B(Proc. Suppl)4(1988)6 2. C. Michael, G. Tickle and M. Teper, Phys. Lett. 207B(1988)313 3. J. Koller and P. van Baal, Nucl. Phys. B302(1988)1 4. P. van Baal, Lectures given at the 28th Cracow School of Theoretical Physics, Cern preprint TH.5141/88, August 1988 5. M. Fukugita, Nucl. Phys. B(Proc. Suppl.) 4(1988)105 6. P. van Baal, Nucl. Phys. B307(1988)274 7. J. Kripfganz and C. Michael, Phys. Lett. 209B(1988)77 8. J. Kripfganz and C. Michael, Liverpool preprint, LTH 216, July 1988 9. E. Floratos, E. Papantonopoulos and G. Zoupanos, Phys. Lett. 151B(1985)433 10. P. van Baal and J. Koller, Ann. Phys.(N.Y.) 174(1987)299 11. M. Lüscher, Nucl. Phys. B219(1983)233; M. Lüscher and G. Münster, Nucl.

Phys. B232(1984)455 12. C. Vohwinkel, Phys. Lett. 213B(1988)54 13. G. Jona-Lasinio, F. Martinelli and E. Scoppola, Phys. Rept. 77(1981)313;

B. Simon, The Flea and the Elephant, Calt. prep., to appear in J. Op. Anal. 14. G. ’t Hooft, Phys. Rev. Lett. 37(1976)8; Phys. Rev. 14(1976)3432;

Phys. Rep. 142(1986)357 15. R.V. Gavai, A. Gocksch and U.M. Heller, Phys. Lett. 190B(1987)182