THU-90/14

GAUGE THEORIES IN FINITE VOLUMES REVISITED

Pierre van Baal *

Institute for Theoretical Physics Princetonplein 5, P.O.Box 80.006 3508 TA Utrecht, The Netherlands

ABSTRACT Hamiltonian perturbation theory to fourth order in the gauge-coupling constant is applied to compute Lüschers effective Hamiltonian for the zero-momentum gauge fields in a finite cubic volume in order to understand some apparent gauge dependence at the two-loop level. This allows us to confirm earlier results at a more rigorous level and to include new terms that mix coordinate and momentum operators, previously ignored. After that we live up to our promise to give some of the details for the derivation of the effective Hamiltonian starting from Wilson’s lattice action, which allowed a semi-analytic study of lattice artifacts. We also discuss some issues related to two-loop lattice perturbation theory. For easy reference the continuum effective Hamiltonian and the lattice effective Lagrangian, together with the specification of the boundary conditions and the numerical values of the coefficients, are summarized in a separate section.

Extended version, September 1990 * KNAW fellow

1. Introduction

The subject of this paper will be to analyse in more rigour and detail the finite volume expansion of SU(2) gauge theories on a torus. One of the most useful applications of the finite volume expansion turned out to be a detailed comparison with lattice Monte Carlo calculations. Since the numerical accuracy and reliability of the computer simulations has improved considerably over the past few years [1,2], systematic differences showed up with the finite volume expansion in the continuum [3]. It was most natural to associate those differences with the effect of a finite lattice. The results [4] of the computation, to be described in more detail here, did indeed confirm that the observed deviation from the continuum result and the spread of the Monte Carlo data is mainly due to lattice artifacts.

The finite volume expansion is based on computing an effective Hamiltonian for the zero-momentum gauge fields, as first derived by Lüscher [5]. In lowest order this is just the Yang-Mills Hamiltonian, truncated to these zero-momentum gauge fields, with the bare gauge coupling constant replaced by the renormalized one

H^{(0)} = − g^2 2L ∂^2 ∂cai^2 + 1 4g^2L (εabdcai cbj)^2 , (1.1) where cai is the (rescaled) zero-momentum gauge field Aai (x) = cai L . (1.2)

In the continuum Hamiltonian perturbation theory [5] will be applied as a reliable means of deriving the effective Hamiltonian for the zero-momentum modes to fourth order in the coupling constant, which involves a two-loop computation. The main new result in this paper is to provide the complete effective Hamiltonian to that order, which includes terms of the form c^2 ∂^2∂c_2 not accesible in a background field analysis [6]. Apart from these terms, the resulting effective Hamiltonian can be represented (with some good fortune) in a form identical to what was derived from the background field analysis. On the lattice we will derive the effective Lagrangian in the zero-momentum modes, using the one-loop background field analysis. This yields a gauge theory on a lattice that has one link in each of the spatial directions and is infinite in the time direction. We also analyse in detail how to obtain the effective Hamiltonian from the transfer matrix defined by the effective lattice model. The spectrum of this Hamiltonian can then be obtained exactly as in the continuum [6], using a standard Rayleigh-Ritz variational analysis. Readers mainly interested in the results are advised to consult section 8.

The main mechanism behind the dynamics in intermediate volumes is due to incorporating non-perturbative effects associated to the Gribov horizon, or equivalently, due to the topological non-trivial nature of configuration space. We have discussed these issues at great length elsewhere [6]. Here we simply state that as a consequence of the topological nontriviality, the configuration space for the zero-momentum gauge fields is compact and can to a good accuracy be divided (for SU(2)) in eight coordinate patches with transition functions essentially described by gauge transformations. It can alternatively be formulated by defining the theory on one of these patches, with appropriate boundary conditions on the wave function ψ(c) ψ(c) = 0 , ∂ ∂ri riψ(c) = 0 , at ri = π , (1.3) where ri = 3∑ a=1 cai cai . (1.4) The appropriate choice of boundary conditions is determined by the the quantum numbers of the particular state one wishes to consider [6,7]. For a cubic volume these are labeled by the irreducible representation of the cubic group {A±_1 , A±_2 , E±, T ±_1 , T ±_2 } and ‘t Hooft’s electric flux [8] {ei = ±1}. Section 8 will review which boundary conditions are associated to each of these states (with positive parity).

At small volumes (or equivalently due to asymptotic freedom, at small coupling), there is a quantum induced potential barrier that separates the different coordinate patches and the boundary conditions are irrelevant. As a consequence, electric flux energies are exponentially suppressed. At intermediate volumes the coupling is so strong that the potential barrier forms no obstacle and the boundary conditions strongly dominate the dynamics. At yet larger volumes classical barriers which separate coordinate patches, whose overlap was not yet taken into account will no longer be obstacles either, but these effects cannot be incorporated within a framework of a zero-momentum effective Hamiltonian. From the comparison with Monte Carlo results and theoretical arguments this occurs at volumes larger than about 0.7 fermi (with the physical scale set by a string tension of 420MeV^2). This is where for the tensor glueball one observes restoration of rotational symmetry [2,3]. It is also the distance beyond which the topological susceptibility seems to suddenly switch on [9].

It is clear that the accuracy of the results in the accessible intermediate volume range is also determined by how accurate the effective Hamiltonian can be computed. This in itself is a perturbative computation, which is strictly separated from the issue of the nonperturbative effects incorporated by imposing the boundary conditions. Lüscher computed the effective Hamiltonian to O(g^8/^3), where c = O(g^2/^3) [5]. This involves only a one-loop computation and can be obtained in three different ways. The first is using degenerate (Bloch [10]) Hamiltonian perturbation theory, the second [11] is by calculating the euclidean transition function from one to another zero-momentum gauge field and reading off the effective Hamiltonian that reproduces this transition function. The third method uses a background field type calculation with the non-local gauge [6] χN = (1 − P )∂μAμ + i[P Aμ, Aμ] , (1.5) where Aμ = Aaμσa/2 (σa are the Pauli-matrices) and P Aμ = L−^3 ∫ d^3xAμ(x) (1.6) is the projection on the zero-momentum gauge field. Unlike in the second method one does not integrate over the zero-momentum modes. However, in principle one needs to determine the effective action for an arbitrary time-dependent background field c(t). Nevertheless, after a simple rescaling, taking c(t) a time-independent background field did reproduce to O(g^8/^3) the correct effective potential and was by far computationally the simplest method. We will address the validity of this approximation by carefully considering issues concerning gauge dependence and contributions at two-loop order.

The remainder of this paper is organized as follows. In section 2 we will summarize problems we encountered by reconsidering the two-loop contribution to the effective potential when using a time-independent background field. We also analyse some issues concerning gauge dependence. Since, the two-loop corrections contribute up to 3% to especially the energy of electric flux, it is imperative to perform the calculations of the effective Hamiltonian using a more systematic method. For this we have used Hamiltonian perturbation theory to O(g^4) described in section 3. These calculations fortunately will confirm our earlier results [6]. It is also worthwhile noting that the way we dealt with the Gribov problem uses in an essential way the Hamiltonian formulation. It is thus gratifying, from the point of consistency, to also have computed the effective Hamiltonian using the same formalism. In section 4 we derive the effective action starting from Wilson’s lattice action, using the one-loop background field technique. It was our attempt to also find the two-loop lattice corrections that made us aware of the problems discussed in section 2. Section 5 describes how the effective action, which defines a transfer matrix, can be used to determine the effective Hamiltonian, thereby including some important additional lattice artifacts. Section 6 will be dedicated to a discussion of some aspects of lattice perturbation theory at the two-loop level for a time-independent abelian background field. As we have argued, this calculation does not give the complete result for the effective potential. Nevertheless, the calculation is set up so as to be applicable in more general situations. In particular one can obtain the lattice vacuum energies in the presence of a magnetic flux, imposed by twisted boundary conditions [8], in a straightforward manner from the results we present. Section 7 provides a discussion. Section 8 concludes the paper with a summary of the results for easy reference. There we list the continuum effective Hamiltonian and the lattice effective Lagrangian in a finite cubic volume, we supply the numerical values of the various coefficients and review the assignment of the appropriate boundary conditions. We also present a formulation of the effective lattice theory that can be analysed using the Monte Carlo method.

2. Trouble with the background field

We will consider the background field method described in the introduction for both the non-local gauge (eq. (5)) and for the Lorentz gauge χL = (1 − P )∂μAμ. These gauge conditions are invariant under spatially constant gauge transformations, which are the symmetries of the effective Lagrangian and in the background field calculation we only integrate over the non-zero momentum gauge and ghost fields. To O(g^4) it is straightforward [6] to compute the one-loop effective potential for time-independent background fields (d is the space-dimension)

V_1(c) =L−^1{γ_1 ∑ i r^2i + γ_2 ∑ i r^4i + γ_3 ∑ i<j r^2i r^2j + γ_4 ∑ i r^6i + γ_5 ∑ i≠j r^2i r^4j + γ_6 ∏ i r^2i

+ 1 4 ( Ld−^3 g^2_0

+ α_2) ∑ i,j F^2ij + α_3 ∑ i,j,k F^2ijr^2k + α_4 ∑ i≠j F^2ijr^2j + α_5det^2(c)} + V_1(0) ,

V_1(0) =3L−^1 ∑ k = −48π^2L−^1 ∑ k−^4 . (2.1)

Table 1 contains the coefficients in terms of momentum sums for the two gauges. By taking appropriate factors of L out, we take the momenta dimensionless, thus ⃗k ∈ 2πZZd and we use the convention k = |⃗k| for the length of a momentum vector. We have also included the coefficient α_1, which gives the one-loop correction to the kinetic term ( L_2 ( L^d �3 g^2_0 + α1)(dc(t)/dt) 2). We note that all the coefficients for the terms which vanish when the background field satisfies the equations of motion (i.e. those terms which vanish for abelian background fields) depend on the gauge, but that the difference can be absorbed by a rescaling of the fields cai → cai − 1 2 g^2_0cai ∑ k−^3 + 25 96 g^2_0cai cbjcbj ∑ k−^5 − 19 32 g^2_0cbi caj cbj ∑ k−^5 , (2.2)

which transforms the results for the Lorentz gauge to those in the non-local gauge.

We now address the two-loop contributions to the effective potential for time-independent background fields. For the non-local gauge this goes back to the calculation of the two-loop vacuum energy [12]. In particular, having verified that to O(g^2) the one-loop effective Lagrangian is gauge independent, we should insist that the two-loop vacuum energy is likewise gauge independent. This turns out not to be the case if we restrict to time-independent background fields. To be more precise, we take a vanishing background field to get the two-loop O(g^2) contribution. The Feynman rules in the Lorentz gauge are exactly those of ordinary SU(2) gauge theory, with the only difference that we sum (rather than integrate) over the (non-zero) spatial momenta. The two-loop vacuum energy in the Lorentz gauge is then obtained by summing the three diagrams in fig. 1, which after some simple analysis (see eq. (19) of ref. [12]) yields (usually we will ignore terms that vanish as d → 3)

V^(L^)_2 (0) = −

27g^2_0 8L ∑ ⃗k+⃗p≠⃗0 k−^1p−^1 +

3g^2_0 8L ∑ ⃗k+⃗p≠⃗0 k−^1p−^1 +

9g^2_0 2L ( ∑ k−^1)^2

= 3g^2_0 2L ( ∑ k−^1)^2 +

3g^2_0 L ∑ k−^2 . (2.3)

The subsequent terms in the first identity for V^(L^)_2 (0) correspond to the subsequent diagrams of fig. 1. For the non-local gauge we get exactly the same contributions, except for an additional “non-local” term coming from the Faddeev-Popov determinant. It was claimed in ref. [12] that this contribution exactly cancels against the term proportional to ∑ k−^2 in eq. (2.3). Actually, when we worked out the two-loop Feynman graphs on the lattice, we discovered that the “non-local” vertex associated to the ghosts in eq. (22) of ref. [12] was wrong by a factor of −2, such that now there is no cancellation. To have an independent check it is useful to calculate the Faddeev-Popov determinant directly without using ghosts. We find under an infinitesimal gauge transformation δχN = (1 − P )∂μDμΛ + i[iP [Aμ, Λ], Aμ] = (∂^2μ + ig_0∂μadQμ + g^2_0adQμP adQμ)Λ , (2.4) where we used that the background field vanishes and thus Aμ = g_0Qμ has non-zero momentum. The Faddeev-Popov determinant therefore contributes

iT −^1 < Tr ln(1 + ig_0∂μadQμ∂−^2ν + g^2_0adQμP adQμ∂−^2ν ) >c (2.5)

to the effective potential. The expectation value is with respect to the gauge fields. After Wick-rotation one easily finds this to equal − 2g^2_0 T L^3 ∑ ⃗k+⃗p=⃗0 < Qaμ(−p)Qaμ(p) > k^2ν − g^2_0 T L^3 ∑ ⃗k−⃗p≠⃗0 < kμQaμ(k − p)pνQaν(p − k) > k^2λp^2ρ

+ O(g^4_0) .

(2.6) Together with < Qaμ(−p)Qbν(p) >= δ^{μν} δ^{ab}p_{2λ} this gives for the non-local gauge the following contribution of the Faddeev-Popov determinant to the two-loop vacuum energy

V^(N^)_2 (0)F P =

3g^2_0 8L ∑ ⃗k+⃗p≠⃗0 k−^1p−^1 +

6g^2_0 L ∑ k−^2 . (2.7)

The first term corresponds to the second term in eq. (2.3), the second term is due to the “nonlocal” vertex. The value of V_2(0) does not actually influence the mass spectrum, it is therefore useful to also compute the next field dependent term in the two-loop effective potential (which is proportional to g^2_0c^2/L). For the non-local gauge χN we can use eqs. (2.25) and (2.26) of ref. [6], corrected for the proper non-local 4-point vertex. Alternatively one can for both gauges calculate the 3- and 4-point vertices as a function of the background field and expand the background field dependent propagator to O(c^2). One finds, together with the non-local vertex, which contributes g^2_0L−^1{6 ∑ k−^2 +^2_3 c^2 ∑ k−^4}, for the non-local gauge

V^(N^)_2 (c) = g^2_0 L { 3 2 ( ∑ k−^1)^2 + 9 ∑ k−^2} + g^2_0c^2 L {− (d − 3) 3 ∑ k−^1p−^3 + ∑ k−^4} , (2.8)

whereas for the Lorentz gauge, after including the transformation of eq. (2.2) (i.e. adding −g^2_0(d − 1)^2/(2dL) ∑ k−^1p−^3 to the diagrams of fig. 1), one obtains

V^(L^)_2 (c) = g^2_0 L { 3 2 ( ∑ k−^1)^2 + 3 ∑ k−^2} + g^2_0c^2 L {− (d − 3) 3 ∑ k−^1p−^3 + 5 4 ∑ k−^4} , (2.9)

The algabraic manipulation programme FORM [13] was used for some of the calculations.

We clearly observe a gauge dependence, which can not be transformed away by field redefinitions, whereas furthermore they differ from the correct expression (which does coincide with what we have used in the past) to be derived in the next section*

V_2(c) =

3g^2_0 2L ( ∑ k−^1)^2 + g^2_0c^2 6π^2L ∑ k−^1 , (2.10)

The found discrepancies are of the same order of magnitude as the actual terms (e.g. ∑ k−^4 = 0.0106075, whereas ∑ (6π^2k)−^1 = −0.0076256). We performed the Hamiltonian analysis to be presented in the next section primarily to fix these discrepancies. The reason behind the gauge dependence is that it is not legitimate to take the “adiabatic approximation” of a time-independent background field, as will be clearly seen in the Hamiltonian formulation. The second method [11] to compute the effective Hamiltonian discussed in the introduction is based on calculating the euclidean transition function. There one also integrates the zeromomentum modes and the time dependence is therefore consistently included. We found this method too complicated at higher order. Despite vigorous attempts we were unable to reliably include the “non-adiabatic” correction in the background field method, the main obstacle being caused by the ghosts in covariant gauges. Nevertheless, at one-loop (up to a possible field redefinition) one does obtain the correct result, which is why we still use the background field technique to include the lattice artifacts. The lattice calculation would otherwise be too voluminous.

* Note that [5] limd→_3(d − 3) ∑ p−^3 = −1/(2π^2)

3. Hamiltonian perturbation theory

Here we will describe the computation to O(g^4_0) of the effective Hamiltonian for the zero-momentum gauge fields, using Hamiltonian perturbation theory [14]. We will not keep track of field independent terms proportional to g^4_0, since they do not contribute to the mass spectrum. Including them would furthermore require a three-loop computation.

The SU(2) Yang-Mills Hamiltonian in the Coulomb gauge ∂iAi = 0 is given by [5,14] H = 1 2 g^2_0 ∫ L 0 ddxddy ρ−^1/^2πai (⃗x)ρ^1/^2K(⃗x,⃗y)abij ρ^1/^2πbj(⃗y)ρ−^1/^2 + 1 4g^2_0 ∫ L 0 ddxF aij(⃗x)^2 , (3.1) where the gauge fields are transverse (∂jAj(⃗x) = 0), πj(⃗x) = Ej(⃗x) − ∂j∂−^2k ∂iEi(⃗x) is the transverse electric field, and ρ is the Jacobian associated to the gauge fixing* ρ(A) = det′(−∂jDj(A)) = det′(−∂^2j − i∂jad(Aj)) . (3.2) The prime denotes that the zero-modes, associated with the global gauge invariance, are omitted. The non-abelian Coulomb Green function is K(⃗x,⃗y)ij = δijδ_3(⃗x − ⃗y) − adAi(∂lDl)−^1∂^2k(∂mDm)−^1adAj . (3.3) In lowest order the Hamiltonian is independent of the zero-momentum gauge fields, leading to an infinite degeneracy, which will be lifted in the next order. Bloch’s perturbation theory [10] yields an effective Hamiltonian in the zero-momentum gauge fields, which will describe the level-splitting of the ground state of H_0 (the lowest order part of H). Writing H = H_0 + H_1 one can derive the following effective Hamiltonian, which we computed using the algebraic programme FORM [13] from Bloch’s explicit formula [5,10] (for more details we refer to Lüscher’s paper). To the order we will need H′ = ∑ i H′i , H′_1 = U_1 , H′_2 = 0 , H′_3 = − 1 2 {U_1, U_2} , H′_4 = 1 2 {U^2_1 , U_3} , H′_5 = − 1 2 {U^3_1 , U_4} + 1 2 {U^2_1 , U_2,_2} + 3 8 {U_1, U^2_2 } + 1 2 U_2U_1U_2 ,

H′_6 = 1 2 {U^4_1 , U_5} − 1 2 {U^3_1 , U_2,_3} − 5{U^2_1 , {U_2, U_3}} + 2{U_2, {U_3, U^2_1 }} + 5U_1{U_2, U_3}U_1 , + {U_3, [U_1, [U_1, U_2]]} − 2{[U_1, U_2], [U_3, U_1]} − 3{{U_1, U_2}, {U_3, U_1}} , (3.4) * (adAj)ab = −iεabcAcj where U is defined by U_1 =< 0|R|0 > , Un_1,n_2,···,n_p = ∑ {n_i} < 0|RSn^{i1} RSn^{i2} · · · RSn^{ip} R|0 > , (ni > 1) , R = H_1(1 − SH_1)−^1 = H_1 + H_1SH_1 + H_1SH_1SH_1 + · · · , S = 1 − |0 >< 0| E_0 − H_0

. (3.5) The sum in this equation is over all different orderings of the integers ni > 1 and |0 > is the vacuum state for H_0. We now expand H_1 in g_0 and c (which is O(g^2/^3_0 )) by substituting Aak(⃗x) =cak/L + g_0qak(⃗x)L^(d^{+1)}/^2 , P qak = 0 , πak(⃗x) =eak/L^2 + g−^1_0 pak(⃗x)L^(d−^{1)}/^2 , P pak = 0 . (3.6) The operators e and p are the momenta conjugate to the coordinates c and q and for convenience we have chosen the scaling conventions (remember that in d dimensions g^2_0 has the dimension of Ld−^3) such that c, e and the Fourier components qi(⃗k) and pi(⃗k) are dimensionless* qai (⃗x) = 1 Ld ∑ ⃗k≠⃗0 ei ⃗k·⃗x/L qai (⃗k) , pai (⃗x) = 1 Ld ∑ ⃗k≠⃗0 ei ⃗k·⃗x/L pai (⃗k) . (3.7) The canonical commutation relations imply [cai , ebj ] =iδijδab , ebj = 1 i ∂ ∂cbj , [qai (⃗k), pbj(⃗l)] =iδabδ⃗k_+⃗l,⃗_0(δij − kikj k^2

) . (3.8) In terms of (transverse) creation and annihilation operators qai (⃗k) = bai (⃗k) + bai (−⃗k)† , pai (⃗k) = −ik(bai (⃗k) − bai (−⃗k)†) , [bai (⃗k), bcj(⃗k)†] = 1 2k δabδ⃗k,⃗l(δij − kikj k^2

) . (3.9) the lowest order Hamiltonian is given by H_0 = 1 L ∑ ⃗k≠⃗0 k^2{bak(⃗k)†, baj (⃗k)} = E_0 + 1 L ∑ ⃗k≠⃗0 2k^2baj (⃗k)†baj (⃗k) . (3.10)

* Scaling c → g^2/^3_0 L^1−d/^3c, q → L^(d−^{1)}/^2q and p → L^(d−^{1)}/^2p will give the conventions of ref. [5].

As usual, the vacuum |0 > is defined by bai (⃗k)|0 >= 0 and one can use the creation operators to form a Fock-space. We can now write H_1 in terms of the operators bai (⃗k), bai (⃗k)†, cai and eai and work out the Fock-space expectation values, which can be readily implemented in an algebraic programme as follows. Commute every creation operator bai (⃗k)† to the left and every annihilation operator bai (⃗k) to the right, using eq. (3.9) and bai (⃗k)Sn(ΔE) = Sn(ΔE)bai (⃗k) + Sn(ΔE + k) , Sn(ΔE)bai (⃗k)† = bai (⃗k)†Sn(ΔE) + Sn(ΔE + k) , (3.11) where Sn(ΔE) = (1 − |0 >< 0|) (E_0 − H_0 − ΔE)n

. (3.12)

After this procedure has been completed only terms with no creation or annihilation operators will survive, and they correspond as usual to the sum over all possible contractions. Furthermore, if ΔE ≠ 0, Sn(ΔE) is to be replaced by (−ΔE)−n. If ΔE = 0 the projection (1 − |0 >< 0|) is operative and Sn(0) is to be replaced by 0.

One major complication over normal Hamiltonian perturbation theory is that H_1 contains non-commuting operators c and e. Thus U{n_i} will become a hermitian operator U{n_i}(c, e) acting on the Hilbert space of wavefunctions ψ(c), normalized with the standard L^2 norm on R^9 (being the configuration space of the zero-momentum gauge fields c). If these operators would have been commuting one can show that H_1 = U c_1 , where U c_1 is the sum of all connected diagrams occurring in the diagrammatic expansion of U_1. It is, however, crucial that for the case at hand disconnected diagrams are taken into consideration too, because the disconnected pieces are now operators which do not commute. These additional terms are precisely of the form encountered in the previous section regarding the gauge dependence of the effective potential. Taking a time-independent background field in the Lagrangian formulation is more or less equivalent to putting the commutator of e with c equal to zero in the Hamiltonian formulation.

We now expand H_1 in terms of the background field. The most difficult part is the contribution due to the Coulomb Green function, which we will work out in the momentum representation. For ease of computation we will put L = 1. The proper L dependence can be easily recovered on the basis of dimensional arguments. In the following also momentum sums will be implicitly assumed. 1 2 g^2_0ρ−^1/^2πai (−⃗l)ρ^1/^2K(⃗l, ⃗k)abij ρ^1/^2πbj(⃗k)ρ−^1/^2 = g^2_0 2 eai eai + g^2_0 4 [eai , [ρ̂, eai ]] + g^2_0 8 [eai , ρ̂][ρ̂, eai ] + 1 2 pai (−⃗k)Aabij (⃗k)pbj(⃗k) + 1 4 Aabij (⃗k)[pai (−⃗k), [ρ̂, pbj(⃗k)]] + 1 8 [pai (−⃗k), ρ̂]Aabij (⃗k)[ρ̂, pbj(⃗k)] − g^2_0 2k^2 (eai + 1 2 [eai , ρ̂])qbi (−⃗k)εabc(1 + ⃗k · ad⃗c/k^2)−^2cd εdgf cgj (pfj (⃗k) + 1 2 [ρ̂, pfj (⃗k)]) − g^2_0 2k^2 (pai (−⃗k) + 1 2 [pai (−⃗k), ρ̂])cbi εabc(1 + ⃗k · ad⃗c/k^2)−^2cd εdgf qgj (⃗k)(efj + 1 2 [ρ̂, efj ]) − g^2_0 2k^2 (eai + 1 2 [eai , ρ̂])qbi (−⃗k)εabc(1 + ⃗k · ad⃗c/k^2)−^2cd εdgf qgj (⃗k)(efj + 1 2 [ρ̂, efj ]) + 1 2 (pai (−⃗l) + 1 2 [pai (−⃗l), ρ̂])ΔKabij (⃗l, ⃗k)(pbj(⃗k) + 1 2 [ρ̂, pbj(⃗k)]) , (3.13)

where

ρ̂ = ln(ρ(A)/ρ(0)) = Tr ln(1 + iadAj(⃗x)∂j ∂−^2k ) (3.14)

and ΔK is defined through

Kabij (⃗l, ⃗k) = Aabij (⃗k) + ΔKabij (⃗l, ⃗k) , (3.15)

with Aij(⃗k) = δij + k−^2adci(1 + ⃗k · ad⃗c/k^2)−^2adcj . (3.16) Thus, ΔK is a function of q and c that vanishes for q = 0. It contributes to n-point vertices (n ≥ 3) and it is sufficient to expand ΔK to second order in c and g_0, when we want to determine the effective Hamiltonian to fourth order in g_0. To complete the expansion of the Hamiltonian we have (ignoring L dependence) 1 4g^2_0 ∫ L 0 ddxF aij(⃗x)^2 = 1 4g^2_0 (εabdcai cbj)^2 + 1 2 qai (−⃗k)Babij (⃗k)qai (⃗k) −ig_0kiqaj (⃗k)qbi (⃗l)qcj(−⃗k −⃗l)εabc + g_0caj qbi (⃗l)εabcqdj (−⃗k −⃗l)qei (⃗k)εcde + g^2_0 4 qai (−⃗l)qbj(⃗l − ⃗m)εabcqdi (⃗m − ⃗k)qej (⃗k)εcde , (3.17)

where Bij(⃗k) = δij(k^2 + 2⃗k · ad⃗c + (ad⃗c)^2) + adciadcj − 2adcjadci . (3.18)

We will now analyse H_1 in more detail. First we consider the terms where ρ̂ contributes. To the required order we find

ρ̂ = − ⃗l · ⃗Aa(⃗k −⃗l)⃗k · ⃗Aa(⃗l − ⃗k) k^2l^2 − ⃗k · ⃗Aa(⃗l − ⃗k)⃗l · ⃗Aa(⃗m −⃗l)⃗m · ⃗Ab(⃗n − ⃗m)⃗n · ⃗Ab(⃗m − ⃗n) 2k^2l^2m^2n^2

= − g^2_0 ⃗l · ⃗qa(⃗k −⃗l)⃗k · ⃗qb(⃗l − ⃗k) k^2l^2 {δab + (⃗k ·⃗cd)^2δab + (⃗k ·⃗ca)(⃗k ·⃗cb) k^4 − (⃗k ·⃗ca)(⃗l ·⃗cb) k^2l^2 } − (⃗k ·⃗ca)^2 k^4 − [(⃗k ·⃗ca)^2]^2 2k^8

. (3.19)

This allows us to evaluate (ignoring a field independent O(g^4_0) term)

h^{(1)}_0 = 1 4 Aabij (⃗k)[pai (−⃗k), [ρ̂, pbj(⃗k)]] + 1 8 [pai (−⃗k), ρ̂]Aabij (⃗k)[ρ̂, pbj(⃗k)] + g^2_0 4 [eai , [ρ̂, eai ]] + g^2_0 8 [eai , ρ̂][ρ̂, eai ] = ∑ ⃗k+⃗l+ ⃗m=⃗0 { 3g^2_0((⃗k ·⃗l)^2 − k^2l^2) 2k^2l^2m^2 + g^2_0c^2(k^2l^2 − (⃗k ·⃗l)^2)

4dk^2l^2m^2 ( l^2 k^2m^2 − 14 m^2 )}

− 9g^2_0 2dk^2 − 15g^2_0c^2 2d^2k^4 + g^2_0c^2 2d^2k^2l^2

. (3.20)

One can use for example that ∑ ⃗k≠⃗0(⃗k ·⃗c a)^2k−^6 = ∑ k^2_1c^2k−^6 = ∑ c^2d−^1k−^4. Alternatively, for any anlytic function F (c) invariant under the cubic symmetry

F (c) = F (0) + c^2 18 3∑ a,i=1 ∂^2F ∂cai^2 (0) + O(c^4) . (3.21)

This identity will also play an important role in the two-loop calculation.

The only other terms where ρ̂ can contribute to the effective Hamiltonian to O(g^4_0) are

h^{(2)}_0 = − g^2_0 4k^2 [eai , ρ̂]qbi (−⃗k)εabdεdfgcfj pgj (⃗k) − g^2_0 4k^2 pai (−⃗k)cbi εabdεdfgqfj (⃗k)[egj , ρ̂] = g^2_0c^2(d − 1) d^2k^2l^2

. (3.22)

The Hamiltonian trunctated to the zero-momentum fields contained in H_1 is given by

h_1 = g^2_0 2 eai eai + 1 4g^2_0 (εabdcai cbj)^2 . (3.23)

Next we consider the terms in H_1 that are quadratic in p and q. Those that contain e are given by

h_2 = − g^2_0 2k^2 eai qbi (−⃗k)εabc(1 + ⃗k · ad⃗c/k^2)−^2cd εdgf cgj pfj (⃗k) − g^2_0 2k^2 pai (−⃗k)cbi εabc(1 + ⃗k · ad⃗c/k^2)−^2cd εdgf qgj (⃗k)efj − g^2_0 2k^2 eai qbi (−⃗k)εabc(1 + ⃗k · ad⃗c/k^2)−^2cd εdgf qgj (⃗k)efj . (3.24) The term not containing e is

h_3 = 1 2 pai (−⃗k)Aabij (⃗k)pbj(⃗k) + 1 2 qai (−⃗k)Babij (⃗k)qbj(⃗k) . (3.25) Finally we have to consider in H_1 the 3- and 4-point vertices, which can be somewhat simplified if we take into consideration that they only contribute at the two-loop level and therefore give at least an O(g^2_0) contribution to the effective Hamiltonian (or any of the operators U). Furthermore to O(g^4_0) they can only mix with h_1 and h_3 (h_2 can at most contribute to the O(g^4_0) field independent constant, which is not included). Since h_1 does not depend on p and q, it can only contribute through disconnected diagrams and therefore enters through commutator terms (since if h_1 would commute with everything, the disconnected diagrams would precisely cancel). Again this implies that this will at most contribute to the O(g^4_0) field independent term. We are left with mixing with h_3 only. Therefore, at two-loop e does not enter in the terms in H_1 that contribute to the effective Hamiltonian to O(g^4_0), which implies that we only need to consider connected two-loop diagrams. Any term in H_1 that is proportional to c^2, will contribute at two-loop to the effective Hamiltonian proportional to g^2_0c^2. This implies we can perform the “projection” of eq. (3.21) to the O(c^2) terms in H_1. This will lead to some considerable simplification. Collecting the “projected” 3-point vertices yields h_4 = − ig_0kiqaj (⃗k)qbi (⃗l)qcj(−⃗k −⃗l)εabc + g_0caj qbi (⃗l)εabcqdj (−⃗k −⃗l)qei (⃗k)εcde − g_0 k^2 pai (⃗l)qbi (−⃗k −⃗l)εabccdj pej(⃗k)εcde − i g_0c^2 3dk^2l^2 pai (⃗l)⃗kjqbj(−⃗k −⃗l)pci (⃗k)εabc .(3.26) where the last term underwent simplification, whereas other terms vanished due to transversality (after having applied the “projection”). Similar manipulations will reduce the number of terms in the 4-point vertex

h_5 = g^2_0 4 qai (−⃗l)qbj(⃗l − ⃗m)εabcqdi (⃗m − ⃗k)qej (⃗k)εcde − i 2g^2_0 m^2k^2 pai (−⃗l)qbi (⃗l − ⃗m)εabcεcde ⃗m · ⃗qe(⃗m − ⃗k)εdfgcfj pgj (⃗k) − g^2_0 2m^2 pai (−⃗l)qbi (⃗l − ⃗m)εabcqdj (⃗m − ⃗k)pej(⃗k)εdef (δcf + 2iεcfg ⃗m ·⃗cg m^2 + δcf 2c^2 dm^2 ) + g^2_0c^2 2dm^2l^2 { 1 k^2 [pai (−⃗l)⃗l · ⃗qb(⃗l − ⃗m)⃗m · ⃗qd(⃗m − ⃗k)pei (⃗k)](δabδde + δaeδbd) + 2 m^2 [⃗m · ⃗pa(−⃗l)⃗l · ⃗qb(⃗l − ⃗m)qdi (⃗m − ⃗k)pei (⃗k)](δaeδbd − δadδbe)} . (3.27) We can simplify the two-loop calculation even further, by diagonalizing the quadratic part of the Hamiltonian for an abelian background field, which can then take over the role of H_0 (the same technique was applied in eq. (2.25) and (2.26) for the path-integral formulation in ref. [6]). We need to achieve this only to second order in c, which is indeed determined by an abelian background field through the use of gauge invariance. First we apply to this order the canonical transformation qi(⃗k) = (δij + 1 2k^2 adciadcj)q̂j(⃗k) [= (1 + c^2 3dk^2 )q̂i(⃗k)] , pi(⃗k) = (δij − 1 2k^2 adciadcj)p̂j(⃗k) [= (1 − c^2 3dk^2 )p̂i(⃗k)] . (3.28) The terms between square brackets follow after the “projection”, eq. (3.21). In terms of the new coordinates and momenta the quadratic part of the Hamiltonian is given by

Ĥ_0 = ∑ ⃗k≠⃗0 1 2 p̂ai (−⃗k)p̂ai (⃗k) + 1 2 q̂ai (−⃗k)(⃗k + ad⃗c)^2abq̂bi (⃗k) . (3.29)

Let us take cai = ciδa_3 and define q̂±i (⃗k) = √ 2 2 (q̂^1i (⃗k) ∓ q̂^2i (⃗k)) , q̂^0i (⃗k) = q̂^3i (⃗k) , p̂±i (⃗k) = √ 2 2 (p̂^1i (⃗k) ∓ p̂^2i (⃗k)) , p̂^0i (⃗k) = p̂^3i (⃗k) , (3.30)

in terms of which

Ĥ_0 = ∑ α∈{0,±},⃗k≠⃗0 1 2 p̂−αi (−⃗k)p̂αi (⃗k) + 1 2 (⃗k + α⃗c)^2q̂−αi (−⃗k)q̂αi (⃗k) . (3.31)

If ĥ_4 and ĥ_5 are the 3- and 4-point functions expressed in terms of the transformed momenta and coordinates and if |^0 > is the (c dependent) vacuum for Ĥ_0 (i.e. Ĥ_0|^0 >= Ê_0|^0 >= 1 2 ∑ α,⃗k≠⃗0 | ⃗k +α⃗c| |^0 >), then the two-loop contribution to the effective Hamiltonian H′ takes

the form < ^0|ĥ_4 (1 − |^0 >< ^0|) (Ê_0 − Ĥ_0) ĥ_4|^0 > + < ^0|ĥ_5|^0 > , (3.32)

which can be computed most easily using Wick’s theorem and < ^0|q̂αi (⃗k)q̂βj (⃗l)|^0 > = δα_+β,_0δ⃗k_+⃗l,⃗_0 2|⃗k + α⃗c| (δij − kikj k^2 ) , < ^0|p̂αi (⃗k)p̂βj (⃗l)|^0 > = 1 2 |⃗k + α⃗c|δα_+β,_0δ⃗k_+⃗l,⃗_0(δij − kikj k^2 ) , < ^0|p̂αi (⃗k)q̂βj (⃗l)|^0 > = − i 2 δα_+β,_0δ⃗k_+⃗l,⃗_0(δij − kikj k^2 ) , < ^0|q̂αi (⃗k)p̂βj (⃗l)|^0 > = + i 2 δα_+β,_0δ⃗k_+⃗l,⃗_0(δij − kikj k^2

) . (3.33)

Still a considerable amount of algebra remains due to the complexity of the 3- and 4-point vertices. We found the following result <^0|ĥ_4 (1 − |^0 >< ^0|) (Ê_0 − Ĥ_0) ĥ_4|^0 >= g^2_0 ∑ ⃗k+⃗l+ ⃗m=⃗0 {− c^2(d − 1)(3l^2 + (k − m)^2)((d − 2)k^2m^2 + (⃗k · ⃗m)^2) 4dk^3l^3m^3(k + l + m) − c^2(k^2 + l^2 + m^2 − 2kl − 2km − 2lm) 12dk^2l^2m^2

(d − 3 + 3 (⃗k ·⃗l)^2 k^2l^2 − (⃗k ·⃗l)(⃗l · ⃗m)(⃗m · ⃗k) k^2l^2m^2 ) + (k^2m^2 − (⃗k · ⃗m)^2)((d − 2)k^2m^2 + (⃗k · ⃗m)^2 − l^2(⃗k · ⃗m)^2) k^2l^2m^2 [− 3 2klm(k + l + m) + c^2(d − 1)(k−^1 + l−^1 + m−^1) 2dklm(k + l + m)^2 + c^2(d − 6)(k−^2 + l−^2 + m−^2) 2dklm(k + l + m) + c^2(m^3k − m^3l + l^3k + 2(⃗m ·⃗l)^2 + 4m^2l^2 − 2kml^2 − 2m^2lk) 2dk^3l^3m^3(k + l + m)

] } , (3.34)

<^0|ĥ_5|^0 >= g^2_0 ∑ ⃗k+⃗l+ ⃗m=⃗0 { 3c^2(m^2l^2 − (⃗m ·⃗l)^2) 2dk^2l^2m^2 [ 2(⃗k ·⃗l) 3l^3k + (d − 1) kl − (⃗k ·⃗l) 2k^2l^2 − ( k l − 1) (⃗k ·⃗l) k^2m^2 ]

+ ((d − 2)k^2l^2 + (⃗k ·⃗l)^2) k^2l^2m^2 ( c^2 2d [ 1 2m^2 ( 5k l + k^3 l^3 − 6) − (d − 2) 2kl ( l^2 k^2

− 1) + l k^3 + (⃗k ·⃗l) 2k^3l ] + 3 4 [ l k − 1] ) } + g^2_0 ∑ ⃗k≠⃗0,⃗l≠⃗0 ( (d^2 − 3d + 3)k^2l^2 − (⃗k ·⃗l)^2 8k^3l^3

)(3 −

2c^2(d − 5) dk^2 ) . (3.35)

For the same reasons as given for the two-loop contributions, h^{(1)}_0 and h^{(2)}_0 don’t mix with the other pieces in H_1 to O(g^4_0). Adding together what we have so far

H′_{(1)} =h^{(1)}_0 + h^{(2)}_0 + < ^0|ĥ_4 (1 − |^0 >< ^0|) (Ê_0 − Ĥ_0) ĥ_4|^0 > + < ^0|ĥ_5|^0 >

= 3g^2_0 2kl − (d − 3)g^2_0c^2 3k^3l + [ 9g^2_0 4k^2 + g^2_0c^2 4k^4 + 8g^2_0c^2 9k^3l + 14(d − 3)g^2_0c^2 27k^3l

] + O(d − 3) .(3.36) The necessity of quite a few “miraculous” cancellations leaves no room for errors in the final answer. Some of the terms are placed between square brackets in anticipation of more magic to come.

All that remains to be done is a one-loop calculation of the operators U{n_i} with H_1 = h_1 + h_2 + h_3 and combine those to obtain the one-loop contribution (including disconnected parts) to the effective Hamiltonian. We discussed earlier how this can be performed by algebraic manipulation, which we have used as an independent check on our calculations by hand. If we retain in H_1 only h_3, the contribution to the effective Hamiltonian corresponds to the groundstate energy of a harmonic c dependent potential. This truncation is what in the Lagrangian formulation corresponds to restricting the background field to be timeindependent. We have applied the techniques of app. E, ref. [5] to compute this truncated one-loop result to O(c^6). The result (H′_{(2)}) is again of the form of eq. (2.1) and the relevant coefficients are given in table 1, for comparison with the background field results in the Lorentz and non-local gauges. Also included is α_1, which is obtained by applying eq. (3.4) with H_1(c = 0, e), rather than H_1(c, e = 0). We conclude by addressing the contributions that mix e and c, where the ordering of the operators is important. We chose to evaluate them by considering H′ = (H′L + H′R)/2, where in H′L_(R_) all momentum operators e are commuted to the left (right). This is again something that is easy to implement with algebraic manipulation. Note that any term that will not depend on e is hence due to disconnected diagrams. Putting things together we find H′ = H′_{(1)} + H′_{(2)} + H′_{(3)} + H′_{(4)} + H′_{(5)} + constant × g^4_0 , (3.37) where H′_{(3)} (H′_{(4)}) will contain the disconnected contributions to be added to the one-loop (two-loop) terms, whereas H′_{(5)} gives the mixed terms in the effective Hamiltonian.

H′_{(3)} =(− 41 96k^5 + 21k^4_1 16k^9

)F^2ijr^2l + ( 21 32k^5 − 105k^4_1 32k^9

)F^2ijr^2j + ( 11 8k^5 − 63k^4_1 16k^9

)det^2c , (3.38)

H′_{(4)} = −

9g^2_0 4k^2 − g^2_0 4k^4 − g^2_0c^2(d − 1)^3 8d^2k^3l

, (3.39)

H′_{(5)} = g^4_0 2 (β_1 ∑ i≠j {cai cai , ebjebj} + β_2 ∑ i≠j {cai cbj, eai ebj} + β_3 ∑ i {cai cai , ebi ebi } + β_4 ∑ i {cai cbi , eai ebi } + β_5 ∑ i≠j {cai caj , ebi ebj} + β_6 ∑ i≠j {cai cbj, eaj ebi } + β_7 ∑ i≠j {cai cbi , eaj ebj}) . (3.40) The coefficients βi are given in table 2. The following unitary transformation

Ω(c, e) = exp(ig^2_0 ω(c, e)) , ω(c, e) = 1 2 θ_1{cai , eai } , θ_1 = − (5 + 3d) 8dk^3 (3.41)

will implement the necessary field renormalization. Together with the one-loop renormalization of the coupling constant Ld−^3 g^2_0 = − 11 12π^2 ( 1 (d − 3)

+ ln(LΛMS)) = − 11 12π^2 1 (d − 3) + 1 g^2(L)

, (3.42)

where g(L) is the L dependent renormalized coupling constant, the effective Hamiltonian becomes finite and of the form

H′R = ΩH′Ω† = H_1 + H_2 , (3.43)

where H_1 = g^2(L) 2L [1 + g^2(L)(α_1 − 11 12π^2(d − 3)

)]−^1e^2 + V_1(c) + V_2(c) , (3.44) with V_1(c) as in eq. (2.1) and*

V_2(c) = 1 L (H′_{(1)} + H′_{(4)} + 2γ_1θ_1g^2_0c^2) =

3g^2_0 2L ( ∑ k−^1)^2 + g^2_0c^2 6π^2L ∑ k−^1 , (3.45)

Whereas H_2 = H′_{(5)} are the O(g^4_0) mixed terms which were ignored in the past. The coefficients αi, βi and γi are given in table 2. As usual we assume that the bare coupling constant in V_2 and H′_{(5)} can be replaced by the renormalized coupling constant.

Finally we can use the unitary transformation Ω̂(c, e) = exp(ig^2_0ω̂(c, e)) ω̂(c, e) = 1 2 (θ_2{cai cai cbj, ebj} + θ_3{cai caj cbi , ebj} + θ_4{cai cai cbi , ebi }) , (3.46) θ_2 =

31k^4 − 75k^4_1 96k^9

, θ_3 = −

2k^4 + 25k^4_1 16k^9

, θ_3 = −

25k^4 − 125k^4_1 32k^9 , * The third term comes from ig^2_0γ_1[ω, c^2]. We thus see that the terms between square brackets in eq. (3.36) for H′_{(1)} exactly cancel.

to transform the effective Hamiltonian H′R to

Ĥ′R = Ω̂H′RΩ̂† = Ĥ_1 + Ĥ_2 , (3.47)

where Ĥ_1 is to O(g^4_0) precisely the effective Hamiltonian we have used in the past [6] Whereas Ĥ_2 is now given by Ĥ_2 = H′_{(5)} + i g^{40} 2L [ω̂, e^2] , (3.48)

The operators Ĥ_1 and Ĥ_2 are of the same form as H_1 and H_2 , but with different coefficients αi and βi, which are also given in table 2. Note that the coefficients αi now correspond to those of the background field calculation in the non-local gauge (since this was the reason for introducing Ω̂). It should be noted that the coefficients α_3, α_4 and α_5 can be entirely transformed away by a unitary transformation similar to Ω̂, however, at the expense of changing H_2. Conversely, H_2 can not be completely transformed away. One should thus keep in mind that it is not a priori obvious that Ĥ_2 will have a negligible influence on the spectrum. It is outside the scope of this paper to investigate this in further detail. What we did investigate though, is that taking the coefficients belonging to H_1, rather than Ĥ_1, changed the results for the mass ratios by at most 1%.

It is reassuring that the intuition expressed in ref. [12] concerning the two-loop effective potential (by the statement that all “non-local” terms, i.e. terms depending only on a single momentum sum, should cancel) is confirmed to the order we investigated. We will thus assume that the two-loop effective potential restricted to abelian zero-momentum fields cai = δa_3ri, V^{ab}_1 (⃗r) = V_1(c) is to all orders still given by (see eq. (2.26), ref. [6])

V^{ab}_2 (⃗r) = g^2L 64 ∑ α≠β,α,β∈{0,±} ∂^2 ∂r^2i V^{ab}_1 (α⃗r)

∂^2 ∂r^2j V^{ab}_1 (β⃗r) . (3.49)

4. Lattice perturbation theory at one-loop

We start with Wilson’s action [15] for a lattice of size N_0 × N_1 × N_2 × N_3 with periodic boundary conditions in the limit N_0 → ∞. The analysis will therefore not include finite temperature corrections. S = 1 g^2_0 ∑ μ,ν,x Tr(1 − Ux,x_{+^}μUx_{+^}μ,x_{+^}μ_{+^}νU †x_{+^}ν,x_{+^}μ_{+^}ν U †x,x_{+^}ν ) . (4.1)

We split the link variables into zero and non-zero-momentum contributions as follows

Ux,x_{+^}μ = U^{(0)}μ (t)Uμ(x) = exp(icμ(t)/Nμ) exp(ig_0qμ(x)) , (4.2) P qμ = 1 N_1N_2N_3 ∑ ⃗x qμ(x) = 0 . (4.3)

Lattice background field calculations were first performed in ref. [16], where the analogous decomposition

Ux,x_{+^}μ = Ûμ(x)U^{(0)}μ (t) = exp(ig_0q̂μ(x)) exp(icμ(t)/Nμ) , (4.4)

was used. The relation between the two formulations is expressed through

q̂μ(x) = U^{(0)}μ (t)†qμ(x)U^{(0)}μ (t) . (4.5)

Note that this transformation preserves the zero-momentum projection (P q̂μ = 0). We can introduce the covariant derivatives

Dμ(O)(x) = O(x + μ̂) − U^{(0)}μ (t)†O(x)U^{(0)}μ (t) , (4.6) D̂μ(O)(x) = U^{(0)}μ (t)O(x + μ̂)U^{(0)}μ (t)† − O(x) (4.7)

and their conjugates

D†μ(O)(x) = O(x − μ̂) − U^{(0)}μ (t)O(x)U^{(0)}μ (t)† , (4.8) D̂†μ(O)(x) = U^{(0)}μ (t)†O(x − μ̂)U^{(0)}μ (t) − O(x) (4.9)

The background gauge fixing is given by

χ = (1 − P ) ∑ μ D†μ(qμ)(x) , (4.10) χ̂ = (1 − P ) ∑ μ D̂†μ(q̂μ)(x) . (4.11)

One can now work out the variation of χ̂ (for χ one has similar results) under an infinitesimal gauge transformation

Ux,x_{+^}μ → exp(−iΛ(x))Ux,x_{+^}μ exp(iΛ(x + μ̂)) . (4.12)

After some algebra eq. (4.12) is seen to imply [17,18,23]

δ_Λq̂μ(x) = (1 − P )Wμ(x) , (δ_ΛU^{(0)}μ (t))U^{(0)}μ (t)† = P Wμ(x) , (4.13) Wμ(x) ≡ {1 − exp(−ig_0adq̂μ(x))}−^1ig_0adq̂μ(x)D̂μ(Λ)(x) + ig_0adq̂μ(x)(Λ(x)) , which yields for the Faddeev-Popov determinant det(M̂) M̂ = − δχ̂ δΛ = (1 − P ){D̂†μ[(1 + i 2 g_0adq̂μ(x) − g^2_0 12 ad^2q̂μ(x))D̂μ + ig_0adq̂μ(x)] + (D̂†μ + 1)ig_0adq̂μ(x)P (D̂μ + ig_0adq̂μ(x)(1 + 1 2 D̂μ))} + O(g^3_0q̂^3) . (4.14) This result will be used in section 6, but for one-loop computations one can take as usual M̂ = ∑ μ D̂†μD̂μ , M = ∑ μ D†μDμ (4.15) It is tedious, but straightforward to expand the action in the non-zero momentum modes S = S_0 + S_2 + g_0S_3 + g^2_0S_4 + O(g^3_0q^5) , (4.16) where S_0 equals the tree-level contribution to the effective action.

We introduce (cμ(t + ν̂) ≡ cμ(t + δν,_0), c_0 = 0) Sμν (c(t)) ≡ e−ic^{μ(}t^{+^}ν^)/N^μ e−ic^{ν (}t^)/N^ν eic^{μ(}t^)/N^μ eic^{ν (}t^{+^}μ^)/N^ν , (4.17) and decompose^1_2 (1 − Sμν ) in its hermitian and antihermitian components,^1_2 (1 − Sμν ) = S^+μν + S−μν , with S^+μν =2 − (Sμν + S†μν ) = Tr(1 − Sμν ) , (4.18) S−μν = − (Sμν − S†μν ) , (4.19) The tree-level action S_0 is now given by S_0 =

N_1N_2N_3 g^2_0 ∑ μ,ν,t S^+μν (c(t)) (4.20) which takes a simple form in SU(2) when using that eic^k/N^k = eic^{ak}σ^a/^{(2}N^{k)} = cos( rk 2Nk ) + i cakσa rk sin( rk 2Nk ) (4.21) and employing the coordinates on the unit three-sphere

zak = sin( rk 2Nk ) cak rk , z^4k = cos( rk 2Nk ) , (4.22)

In terms of these parametrizations we find

S^+ij (c) =

4 sin^2( r^i_2N_i ) sin^2( r^j_2N_j )

r^2i r^2j

F^2ij , (4.23)

S^+i_0(c) =S^+_0i(c) = 4∑ λ=1 (zλi (t + 1) − zλi (t))^2 . (4.24)

Furthermore, we obtain for S_2 (the piece of the action quadratic in the non-zero momentum fields)

S_2 = 1 2 ∑ μ,ν,x Tr{[1 − 1 2 S^+μν (c(t))](Dν qμ(x) − Dμqν(x))^2 − 1 2 S−μν (c(t))([qν (x + μ̂), Dμqν(x)] − [qμ(x + ν̂), Dν qμ(x)]) − 1 2 S−μν (c(t))(2[qμ(x + ν̂), qν (x + μ̂)] + [Dμqν (x), Dν qμ(x)])} . (4.25) provided the covariant derivative acting on a vector in this equation is modified to

Dμqν(x) = qν (x + μ̂) − U^{(0)}μ (t + ν̂)†qν (x)U^{(0)}μ (t + ν̂) . (4.26)

(Note that the difference with eq. (4.6) only occurs for ν = 0. In the the decomposition of eq. (4.4), this modification would not be required [16], but apart from having a slightly more compact notation, the two methods, although differing at intermediate stages, should give the same results for the effective action.)

We can rewrite eq. (4.25) in momentum language if we introduce the momentum eigenstates* q^(k^)μ (x) = exp(i 3∑ λ=0 kλxλ)qμ(k) , (4.27) which are also eigenfunctions of the shift operator

q^(k^)μ (x + ν̂) = eik^ν q^(k^)μ (x) , (4.28) * From now on k will denote a four-vector, rather than the length of the three-vector ⃗k.

Restricting now to time-independent background fileds, one has Dμ(q^(k^)ν )(x) ={eik^μ − exp(−iad cμ/Nμ)}q^(k^)ν (x) , D†μ(q^(k^)ν )(x) ={e−ik^μ − exp(iad cμ/Nμ)}q^(k^)ν (x) . (4.29) We therefore find S_2 + ∑ x Tr(χ^2) = ∑ x Tr(qμ(−k)Wμν (c, k)qν (k)) , (4.30) with Wμν(c, k) = δμνD†λDλ + [Dμ, D†ν] + G^+μν(c, k) + G−μν(c, k) , (4.31) where G^+μν (c, k) = − 1 2 δμν ∑ λ S^+μλD†λDλ + 1 2 S^+μν D†ν Dμ , G−μν (c, k) = 1 4 δμν ∑ λ {exp(ikλ + iad cλ/Nλ)adS−λν + adS−μλ exp(−ikλ − iad cλ/Nλ)} + 1 2 eik^μ adS−μν e−ik^ν − 1 4 D†ν adS−μν Dμ . (4.32) Like in the continuum [6] we can now compute the effective potential for a time-independent background field. In lattice units one has*

V_1(c) = lim N_0→∞ − 1 N_0 log det M(c) √ det Wμν(c) = − ∫ ∞ 0 ds s e−^2sI_0(2s) ∑ ⃗k≠⃗0 { 1 2 trTr[exp(−sW^(sp^)μν (c, ⃗k))] − Tr[exp(−sM^(sp^)(c, ⃗k))]} . (4.33)

Here we have used that

Wμν (c, k) = 4 sin^2(k_0/2)δμν + W^(sp^)μν (c, ⃗k) , M(c, k) = 4 sin^2(k_0/2) + M^(sp^)(c, ⃗k) , (4.34) where the spatial parts W^(sp^)μν (c, ⃗k) and M^(sp^)(c, ⃗k) only depend on the spatial momenta. Furthermore, this allows one to explicitly perform the sum over the momenta k_0, lim N_0→∞ 1 N_0

N_0∑ n_0=1

exp(−4s sin^2(πn_0/N_0)) = e−^2sI_0(2s) , (4.35)

* The trace w.r.t to the space-time indices is denoted by tr.

where In(z) are the modified spherical Besselfunctions, which are the Fourier coefficients for the function ez^{cos} θ. This implies the more general result (which will be of use further on)

fs(t, N) = 1 N N∑ n=1 exp(−4s sin^2(π(n + t)/N)) = e−^2s ∑ k∈ZZ IN|k|(2s)e−^2πikt , (4.36)

which is easily derived using Poisson resummation.

It is instructive to first evaluate V_1(c) for abelian background fields, for which S^+ and S− vanish and W^(sp^)μν = δμν M^(sp^). Furthermore, M^(sp^) has for cai = riδa_3 the eigenvalues

ω^2α(⃗r, ⃗k) = 3∑ j=1 4 sin^2( kj + αrj N −^1j 2 ) , α = 0, ±1 . (4.37)

Therefore V^{ab}_1 (⃗r) = − ∫ ∞ 0 ds s e−^2sI_0(2s) ∑ α,⃗n exp[−4s 3∑ j=1 sin^2( 2πnj + αrj 2Nj )] . (4.38)

The s integration can be computed exactly. Again, for later use, we consider the more general integral F = − ∫ ∞ 0 ds s e−sω^2 fs(0, N) = − ∑ k∈ZZ ∫ ∞ 0 ds s e−^{(2+}ω^{2)}sIN|k|(2s) (4.39)

and use that the Laplace transform of In(z) is also a simple function ∫ ∞ 0 dse−s^{cosh(Ω)}In(s) = e−n^Ω sinh(Ω)

. (4.40) This shows that F is exactly the free energy of a harmonic oscillator with frequency Ω in a heat-bath of inverse temperature N. The frequency Ω is related to ω by ω = 2 sinh(Ω/2) . (4.41) More explicitly one has ∂F ∂Ω = cosh(Ω/2) ∂F ∂ω = 1 2 sinh(Ω) ∑ k∈ZZ ∫ ∞ 0 dse−^{(1+}ω^2/^{2)}sIN|k|(s) = 1 2 ∑ k∈ZZ e−N|k|^Ω = − 1 N ∂ ∂Ω ln{ ∞∑ n=0 e−N^(n^{+1}/^{2)Ω}} . (4.42)

Therefore, in lattice units (up to an irrelevant additive constant) we find

V^{ab}_1 (⃗r) = 4 N_i−1∑ n_i=0, ⃗n≠⃗0 asinh{ 3∑ j=1 sin^2( 2πnj − rj 2Nj ) } , (4.43)

whose Taylor expansion around ⃗r = ⃗0 will give the coefficients γi as a function of N_1, N_2 and N_3. In fig. 2 we have plotted this one-loop effective potential (including the zero-mode contribution 4 asinh{ √∑ i sin^2(ri/2Ni)}) for abelian background fields and for cubic lattices with N = 4, 6 and ∞, where N = ∞ corresponds to the continuum result [6].

To determine the coefficients αi(i ≠ 1) we write W^(sp^)μν (c, ⃗k) =δ_0(⃗k)δμν + ΔWμν (c, ⃗k) , M^(sp^)(c, ⃗k) = δ_0(⃗k) + ΔM(c, ⃗k) , δ_0(⃗k) = 3∑ i=1 4 sin^2(ki/2) , (4.44)

where ΔWμν (c, ⃗k) and ΔM(c, ⃗k) vanish for c = 0. We can now expand the exponentials in eq. (4.33) in powers of c and express the s integrations in terms of the coefficients δn(⃗k) = ∫ ∞ 0 ds sn−^1e−^{(2+}δ^{0(} ⃗k))s I_0(2s) = 1 2 (−d/dx)n−^1(x+x^2/4)−^1/^2|x_=δ_{0(}⃗k_) , n > 0 . (4.45) We have used the algebraic programme FORM [13], independently from calculations by hand, to obtain the result of table 3, which expresses the coefficients αi and γi as finite lattice momentum sums. For illustration we have only presented the results for a cubic spatial lattice, where N_1 = N_2 = N_3 = N. For asymmetric lattices the analogous coefficients can be obtained on request from the author in the form of a subroutine (written in C), which evaluates these coefficients.

Finally we discuss how one computes the coefficient α_1. Like in the continuum [6], this is most easily done by a standard one-loop background field calculation [19] for the term quadratic in c. In this case the external c lines will carry a momentum p_0. Apart from the diagrams that contribute in the continuum, there are now additional diagrams due to terms that would vanish in the naive continuum limit. The best way to go about is to expand S_2 to second order in c (for a time-dependent background field). Using eq. (4.25) with* * The lattice derivative is denoted by ∂μ, with ∂μO(x) = O(x + μ̂) − O(x).

S−_0j = −2i∂_0cj(t)/Nj + O(c^2), S−ij = O(c^2), S^+_0j =^1_4 (∂_0caj (t))^2N −^2j and S^+ij = O(c^4), and adding ∑ x Tr(χ^2) to the action, a careful analysis will give (summation over x, μ, ν and j is implicit)

S_2 + ∑ x Tr(χ^2) = Tr{(∂μqν(x))^2} + Tr{2i∂jqν (x)[ cj(t + ν̂) Nj , qν (x)]}_{(1)} (4.46)

+ Tr{(∂j + 1)qν(x)ad^2 cj(t + ν̂) Nj qν (x)}_{(2)} + Tr{iq_0(x)[ ∂_0cj(t) Nj , ∂jq_0(x)] + i∂_0qj(x)[ ∂_0cj(t) Nj , qj(x)] + i(2 + ∂_0)qj(x)[ ∂_0cj(t) Nj , (2 + ∂j)q_0(x)]}_{(3)}

+ Tr{ ∂_0cj(t) Nj [q_0(x + ĵ) − ∂_0qj(x), [ cj(t + 1) Nj , q_0(x)]] − 1 8 ( ∂_0caj (t) Nj )^2(∂_0qj(x) − ∂jq_0(x))^2}_{(4)} .

The indices on the brackets denote the various vertices occurring in fig. 3 (this figure also includes the obvious ghost diagrams)

(1) , (2) , (3) , (4) .

We leave it as an exercise to find the appropriate expressions from eq. (4.46) for these vertices. We now wish to extract the term proportional to^1_2 (∂_0cai )^2, which will give us α^(i^)_1 (in a cubic volume this is independent of i). Note that the last diagram of fig. 3 is already of this form, by using ∑ t Tr[cj(t + 1)(cj(t + 1) − cj(t))] =^1_2 ∑ t Tr(cj(t + 1) − cj(t))^2) and has no external momentum flowing through the diagram. Also the third and fourth diagram in fig. 3 are of the tadpole type, but their result is proportional to ∑ t caj (t)^2 and hence they do not contribute to α_1. The remaining diagrams depend more non-trivially on the external momentum and we extract the term proportional to (∂_0cai )^2 by an expansion in the external momentum p_0. This is most easily done by writing caj (t) = √ (2/N_0) sin(p_0t)cai , expanding the result in powers of ε ≡ 2 sin(p_0/2), since ∑ t(∂_0cai (t))^2 = ε^2(cai )^2. As an illustration, we will only exhibit the contribution to α^(i^)_1 from the first two diagrams, (which is the only case where one needs to expand a propagator)

δα^(i^)_1 = −4 Π^3μ_{=0}Nμ

∂^2 ∂ε^2 ∑ k sin^2(ki) (4 sin^2((k_0 + p_0)/2) + δ_0(⃗k))(4 sin^2(k_0/2) + δ_0(⃗k))

(4.47) = 1 Π^3j_{=1}Nj ∑ ⃗k≠⃗0 sin^2(ki){4δ_2(⃗k) − 6(2 + δ_0(⃗k))δ_3(⃗k) + 4 3 δ_0(⃗k)(4 + δ_0(⃗k))δ_4(⃗k)} ,

The final result for α_1 in the case of a cubic lattice can be found in table 3.

The scaling limit corresponds to taking N to infinity and simultaneously g_0 to zero, such that g−^2_0 + α_1,_2 remains finite. To be more precise one can show that α_1,_2(N) diverges as −^{11}_{12}π_2 ln(N) for large N, in accordance with the (universal) one-loop beta-function. If we define αR_1,_2(N) = α_1,_2(N) + 11 12π^2 ln(NΛL/ΛMS) , (4.48) with [16,20] ln(ΛL/ΛMS) = −^{12}π^2_{11} 0.1866792, αR_1,_2(N) has a finite scaling limit which coincides to a high accuracy with the renormalized values in the continuum (see eq. (3.44)) lim N→∞ αR_1,_2(N) = lim d→3 αR_1,_2(d) ≡ lim d→3 (α_1,_2(d) − 11 12π^2(d − 3)

) . (4.49)

Equivalently, comparing the lattice and continuum results give two independent checks on the relation between the lattice and continuum (for dimensional regularization with minimal subtraction) scale parameters [16,20]. We refer to fig. 1 of ref. [4a] and section 8 for the behaviour of the coefficients as a function of N, especially demonstrating that for N → ∞ the coefficients approach their continuum values as N −^2. 5. From transfer matrix to Hamiltonian

We have computed in the previous section the effective action (using a time-independent background field to compute the effective potential to one-loop order, V ≡ V_0 + V_1) and found

Leff (c(t)) = 2N_1N_2N_3 3∑ i=1 (g−^2_0 +α^(i^)_1 (N)) 4∑ μ=1 (zμi (t+1)−zμi (t))^2 + 1 2 [V (c(t+1))+V (c(t))] , (5.1) where zμi are the stereographic coordinates of eq. (4.22). However, time is still discrete. The aim of this section is to show how one computes the effective Hamiltonian H in terms of the transfer matrix T defined by (N is a normalization constant)

ψ(c; t + 1) = T ψ(c; t) = N ∫ dc′ exp[−Leff (c(t + 1) = c, c(t) = c′)]ψ(c′; t) . (5.2) All we basically need to do is to find an operator representation of T and take its logarithm. The spectrum of the Hamiltonian H thus obtained is precisely what will be measured in a Monte Carlo analysis using time-time correlation functions on a lattice that (for all practical purposes) extends to infinity in the time-direction [3].

It is instructive, as usual, to first consider a simple harmonic oscillator L(t) = 1 2 m(x(t + 1) − x(t))^2 + 1 4 mω^2(x^2(t + 1) + x^2(t)) . (5.3)

Introducing the position and momentum eigenstates |x >, resp. |p >, such that < x|p >= eipx, one finds T |ψ >= { ∫ dx′ ∫ dxN |x′ >< x| exp[− 1 2 m(x′ − x)^2 + 1 4 m(x^2 + x′^2)] }|ψ > . (5.4)

Inserting (N = √ 2πm) N e−^{12} m^(x

0_{−x)}2 = ∫ dp e−^p 2 2m < x′|p >< p|x > , (5.6) we find (x̂ and p̂ are the position and momentum operators)

T = exp(− 1 4 mω^2x̂^2) exp(− p̂^2 2m ) exp(− 1 4 mω^2x̂^2) = exp(−H) (5.7)

and one evaluates H using the Cambell-Baker-Hausdorff (CBH) formula. It should not come as a surprise that we can compute H exactly for the harmonic oscillator. H = p̂^2 2M + 1 2 MΩ^2x̂^2 , M = sinh(Ω)m Ω , ω = 2 sinh(Ω/2) . (5.8)

That H is again harmonic can be seen either using the CBH-formula or the fact that, as we have shown in section 4 (see eq. (4.42)), the partition function Z = e−NF = Tr(T N ) is that of a harmonic oscillator with frequency Ω. One can then compute M from the identity M −^1 = 2Ω < 0|x̂^2|0 >= limN→∞ −^1mω ∂^{ln(}Z^)∂ω .

As long as we are only interested in the spectrum of the transfer matrix and not in the eigenfunctions, we could equally well have defined

T ′ = exp(−H′) = exp(− p̂^2 4m ) exp(− 1 2 mω^2ĉ^2) exp(− p̂^2 4m ) , (5.9)

since Tr(T N^0 ) = Tr(T ′N^0 ). For the harmonic oscillator H′ is related to H by the canonical transformation p̂ → −ωmx̂, x̂ →^^pωm such that H′ = p̂^2 2M ′ + 1 2 M ′Ω^2x̂^2 , M ′ =

2 tanh(Ω/2)m Ω (5.10) and H′ is equivalent to H by a unitary transformation. Note that in the continuum limit lim a→0 a−^1H(a−^1m, aω) = lim a→0 a−^1H′(a−^1m, aω) = p̂^2 2m + 1 2 mω^2x̂^2 . (5.11)

It is quite straightforward to generalize the construction of the Hamiltonian to Leff (t) = 1 2 ∑ i mi(xi(t + 1) − xi(t))^2 + 1 2 [V (⃗x(t + 1)) + V (⃗x(t))] . (5.12)

We find H = − ln{exp(− 1 2 V (⃗x)) exp(− ∑ i p^2i 2mi ) exp(− 1 2 V (⃗x))} . (5.13) Apart from the constraint ∑4 μ=1 zμi zμi = 1, our effective Lagrangian (5.1) is of the above form.

One easily convinces oneself that this constraint, supplemented with the constraint that the radial component of the momentum vanishes, does not interfere with the construction of the transfer matrix in an operator formulation. All we have to do is to replace p^2 in eq. (5.13) with the Laplacian Δ_3 on S^3, such that Hlatt = − ln{exp(− 1 2 V_1(c)) exp(− 1 2 ∑ i Δ^(i^)_3 mi ) exp(− 1 2 V_1(c))} ,

Δ^(j^)_3 = −

4N^2j sin^2( r^j_2N_j ) ∂ ∂rj sin^2( rj 2Nj ) ∂ ∂rj + ⃗L^2_( j) sin^2( r^j_2N_j ) , mj =4N_1N_2N_3(g−^2_0 + α^(j^)_1 (N)) . (5.14)

Wavefunctions are normalized w.r.t the L^2 norm on (S^3)^3, which we conveniently transform by stereographic projection to the L^2 norm on R^9. Thus, rescaling the wavefunctions with a factor J(c) = Π^3i_{=1}Ji(c) , Ji(c) = sin(ri/(2Ni)) ri/(2Ni) , (5.15)

transforms Δ^(i^)_3 to

Δ̃^(i^)_3 = J(c)Δ^(i^)_3 J(c)−^1 = 4N^2i {− ∂^2 ∂cai^2 + (Ji(c)−^2 − 1)

⃗L^2_( i) r^2i − 3 4N^2i

} . (5.16)

The continuum limit is obtained by writing Li = aNi, H = a−^1Hlatt and taking the scaling limit a → 0, g_0 → 0, Ni → ∞, such that Li and mi remain finite. This implies that the CBH-formula for eq.(5.14) will give an expansion in a ∼ N −^1, of the form H = −a−^1 ln{e−aAe−^2aBe−aA } . (5.17)

Since we will consider N as small as 4, we will expand to fourth order in a. Furthermore, we use the freedom to choose unitary transformations to bring H to its simplest possible form. Define F (A, B) = −a−^1 ln{e−aAe−aB } , (5.18) then H = −a−^1 ln{e−aF^(A,B^)e−aF^(B,A^) } = H_1(A, B) + H_2(A, B) , H_1(A, B) = H_1(B, A) , H_2(A, B) = −H_2(B, A) . (5.19)

Explicitly to O(a^4)

H_1(A, B) =2(A + B) + a^2 6 [A − B, [A, B]] − a^4 360 ([A, [B, [B, [A, B]]]] − [B, [A, [A, [A, B]]]]) − a^4 360 ( ad^3(A − B) + 8ad(A − B)adAadB + 30ad[A, B]ad(A + B) ) [A, B] , H_2(A, B) = − a^2 2 [A + B, [A, B]] + a^4 24 ( ad^3(A + B) + ad(A + B)adAadB + ad[A, B]ad(A − B) ) [A, B] . (5.20) On general grounds we know that there exists a unitary transformation U = exp(X) such that

H_1(A, B) + H_2(A, B) = eX^(A,B^)(H_1(A, B) − H_2(A, B))e−X^(A,B^) , X(A, B) = −X†(A, B) = −X(B, A) . (5.21) This X is therefore determined implicitly by the equation

H_2(A, B) = tanh( adX(A, B) 2 )H_1(A, B) . (5.22)

To lowest order one easily finds X(A, B) = a^2_2 [A, B]. We use it to define the symmetric function

Hs(A, B) = e−X^(A,B^)/^2(H_1(A, B) + H_2(A, B))eX^(A,B^)/^2 = (1 − 1 8 ad^2X(A, B))H_1(A, B) + O(a^6) . (5.23)

Finally we wish to minimize the presence of terms that mix coordinates and momenta by applying a unitary transformation exp(Y ) Y (A, B) = − a^2 12 [A, B] + a^4 720 [B, [B, [A, B]]] + a^4 240 [B, [A, [A, B]]] , (5.24) which transforms the effective Hamiltonian to

H =2(A + B) + a^2 3 [A, [A, B]] − a^4 15 [A, [A, [B, [A, B]]]] − a^4 45 [[A, B], [B, [A, B]]]] − a^4 360 [A, [A, [A, [A, B]]]] + 17a^4 360 [B, [A, [A, [A, B]]]] + O(a^6) , A = 1 2a V_1(c) , B = ∑ i Δ̃^(i^)_3 4mia . (5.25)

The last two terms will vanish and the fourth term that mixes coordinates and momenta can not be entirely transformed away. As we have not included similar terms in the effective Lagrangian, we will also here ignore them. Thus in lattice units one finds

Ĥlat =Δ(c) + V_1(c) − 1 24 [V_1(c), [Δ(c), V_1(c)]] + 1 480 [V_1(c), [V_1(c), [Δ(c), [Δ(c), V_1(c)]]]] ,

Δ(c) = ∑ i Δ̃^(i^)_3 2mi , (5.26)

which was expanded to eighth order in c. This modifies the coefficients αi and γi and furthermore introduces extra terms, which for the cubic case are of the form ∑ i r^8i , ∑ i≠j r^2i j^6j , ∑ i>j r^4i r^4j , ∏ i r^2i ∑ j r^2j , ∑ i≠j r^4i F^2ij , ∑ i≠j≠k r^4kF^2ij , ∑ i≠j r^2i r^2j F^2ij , ∑ i≠j≠k r^2i r^2kF^2ij , ∑ i≠j (F^2ij)^2 , ∑ i≠j≠k F^2ijF^2jk , det^2c ∑ i r^2i . (5.27)

The coefficients including the transformation from the transfer matrix to the effective Hamiltonian will for obvious reasons not be displayed here, but can be obtained on request from the author in the form of a C-programme subroutine.

We will not reproduce here the effect of the lattice artifacts on the spectrum and refer the reader to ref. [4] where these issues were adequately discussed. We used the connection between the bare and renormalized coupling constant implied by the relation between ΛL and ΛMS [16,20] to add the two-loop continuum effective potential of eq. (3.49) to V_1 before using eq. (5.26), which should thus include the bulk of the two-loop correction. We expect the overall uncertainty due to ignoring the O(g^4_0) mixed coordinate and momentum terms and using the continuum rather than lattice two-loop correction to be of the order of 1 to 2 percent.

6. Some two-loop lattice results

In this section we will set up lattice perturbation theory in an abelian time-independent zero-momentum background to two-loop order for a cubic spatial lattice. Here we will prefer the decomposition of eq. (4.4), Ux,x_{+^}μ = Ûμ(x)U^{(0)}μ . Note that now U^{(0)}μ is time-independent and [U^{(0)}μ , U^{(0)}ν ] = 0. The Wilson action can therefore be written as S = 1 g^2_0 ∑ μ,ν,x Tr{1 − Ûμ(x)(U^{(0)}μ Ûν(x + μ̂)U^{(0)}μ †)(U^{(0)}ν Ûμ(x + ν̂)U^{(0)}ν †)Ûν (x)} . (6.1)

We will introduce three different parametrizations for Ûμ(x)

(i) Ûμ(x) = exp(iq̂μ(x)) = 1 + iq̂μ(x) − 1 2 q̂μ(x)^2 − i 6 q̂μ(x)^3 + 1 24 q̂μ(x)^4 + · · · , (ii) Ûμ(x) = (1 + iqμ(x)/2)^2 1 + qμ(x)^2/4 = 1 + iqμ(x) − 1 2 qμ(x)^2 − i 4 qμ(x)^3 + 1 8 qμ(x)^4 + · · · , (iii) Ûμ(x) = 1 + ig_0Qμ(x) − 1 2 g^2_0Qμ(x)^2 − 1 8 g^4_0Qμ(x)^4 + · · · , (6.2)

The first is most convenient from the point of gauge-fixing. The second is related to the stereographic coordinates of SU(2) in terms of which the Haar-measure is most easily expressed d^3Ûμ(x) = d^3qμ(x) (1 + qμ(x)^2/4)^3

(6.3) and the third coordinate choice is the most convenient for expanding the action to fourth order in q, required for a two-loop analysis. The different parametrizations are related as follows

qμ(x) =2 tan(q̂μ(x)/2) = q̂μ(x)(1 + q̂μ(x)^2 12 + · · ·) , g_0Qμ(x) =qμ(x)(1 + uqμ(x)^2 + · · ·) , u = − 1 6 (6.4)

We will, however, also consider arbitrary u which is obtained from the results with u = −1/6 by the rescaling Qμ(x) → Qμ(x)(1 + (u + 1 6 )g^2_0 Qμ(x)^2 + · · ·) . (6.5)

The purpose of having arbitrary u is to have a consistency check. For the same reason we generalize the gauge-fixing function to

χ̂(v) = (1 − P )D̂†μ(q̂μ(x)(1 + vq̂μ(x)^2)) . (6.6)

Introducing Rνμ(x) = U^{(0)}ν Qμ(x + ν̂)U^{(0)}ν † = (D̂ν + 1)Qμ(x) , (6.7) it is straightforward but tedious to find to O(g^2_0Q^4) S(u = − 1 6 ) = 1 2 ∑ μ,ν,x Tr{(D̂μQν(x) − D̂ν Qμ(x) + ig_0 2 [Qμ(x), Qν(x)] + ig_0 2 [Rνμ(x), Rμν (x)])^2 + g^2_0 4 [(Rνμ(x) + Rμν (x))(Rνμ(x) − Rμν (x)) − (Qμ(x) + Qν(x))(Qμ(x) − Qν(x))]^2 − g^2_0(Qμ(x) − Qν (x))D̂μQν(x)(Rνμ(x) − Rμν (x))D̂ν Qμ(x) } , (6.8) Sgf (u,v) = ∑ μ,x Tr{χ̂^2(v)} = ∑ μ,x Tr{D̂†μ(Qμ(x)(1 + (v − u)g^2_0 Qμ(x)^2)}^2 , (6.9)

Sm(u,w) = g^2_0( 5 2 u + 1 6 + w) ∑ μ,x Tr{Qμ(x)^2} , (6.10)

where Sm(u, w) is the contribution due to the Haar-measure [20] and the Jacobian associated to changing d^3q into d^3Q. The value of w will in general be zero, but for the special case that we have imposed the constraint P q̂μ = 0, one will pick up an additional Jacobian factor ∫ d^3Qμ(x)δ(P q̂) = δ(P Qμ)(1 + 5ug^2_0 2N^3 ∑ μ,x Tr(Qμ(x)^2) + · · ·) , (6.11)

such that in the presence of the constraint P q̂ = 0 w = − 5u 2N^3

, (P q̂ = 0) . (6.12)

There will be two more contributions, namely ΔS(u) ≡ S(u)−S(u = − 1 6 ) = 2g^2_0(u+ 1 6 ) ∑ μ,ν,x Tr{(D̂μQν(x)−D̂ν Qμ(x))D̂μQν(x)^3} (6.13) and Sgh(v) = ∑ μ,x Tr{ψ̄(x)M̂ψ(x) + g^2_0vψ̄(x)D̂†μ(Qμ(x)^2D̂μψ(x) + Qμ(x)Tr{Qμ(x)D̂μψ(x)})} , (6.14) where M̂ was defined in eq. (4.14) and the term proportional to v follows from

δ_Λq̂^3μ(x) = q̂^2μ(x)δ_Λq̂μ(x) + q̂μ(x)Tr{q̂μ(x)δ_Λq̂μ(x)} . (6.15)

The ghost and vector 3-point vertices are still quite manageable, which we will specify for arbitrary abelian background fields

U^{(0)}μ = exp(icμ/Nμ) , caμ = rμδa_3(1 − δμ_0) . (6.16)

As in the continuum, we can introduce Qαμ(k), α ∈ {−1, 0, 1} (see eq. (3.30)), which are eigenstates for the covariant derivatives (k is a lattice momentum) D̂†μQαμ(k) = (eik^{(α)}μ − 1)Qαν (k) , eik^{(α)}μ ≡ exp[i(kμ + αrμ Nμ )] . (6.17)

One easily finds the propagators to be μ,α_k ν,β =δ μν δα_+β,_0Δα(k) , α_k β = δα_+β,_0Δα(k) ,

Δ−^1α (k) = 4∑ μ=0 4 sin^2(k^(α^)μ /2) , (6.18)

whereas the vector 3-point vertex is given by (ε_+−_0 = 1) α,μ,k |_{β,ν,l} γ,σ,m = −i g_0 2 εαβγ {(eim^{(γ)σ} − eik^{(α)σ} )(1 + eil^{(β)μ} )δμν + cyclic} (6.19) and the ghost 3-point vertex is found to be α,k |_{β,l,μ} γ,m = −i g_0 2 εαβγ (eik^{(α)μ} − 1)(1 + eil^{(β)μ} ) . (6.20) (Each n-point function will also carry a factor (N_0N^3)^1−n/^2.)

The general usefulness of this result is that when the background field and P are put to zero, eqs. (6.18-20) give the Feynman rules for the Lorentz gauge (see also ref. [20]). For a much more complete and systematic method for setting up lattice perturbation theory the reader is adviced to consult ref. [18]. If one wishes one can replace (α, β, γ, εαβγ and δα_+β,_0) by (a, b, c, iεabc and δab) to convert to a more conventional formulation. In these conventions the Feynman rules are furthermore valid in the presence of a magnetic field generated by twisted boundary conditions [8,12,21], provided one defines k^(a^)μ = kμ + λ^(a^)μ (⃗m)/Nμ, with λ^(a^)_0 (⃗m) = 0 and λ^(a^)i (⃗m) as defined in eq (6c) of ref. [12] (see also ref. [18]). This might be helpful if one wishes to also include lattice artifacts in the spectrum calculations in the presence of twisted boundary conditions [21,22]. At one-loop these lattice artifacts have recently been included [30].

To compute the two-loop effective potential for a time-independent abelian background field (or the two-loop vacuum energy) we have to sum the diagrams of fig. 1 (plus a possible non-local term associated to ghosts when we impose the constraint P q̂ = 0). The full expression for the 4-point vertex is quite complicated, but fortunately we do not really need it since the contribution of the 4-point vertex to V_2 is given by

N_0V^{(4)}_2 =< S^{(4)} + S^{(4)}gf + S^{(2)}m + S^{(2)}gh >c , (6.21)

where S^(n^) stands for terms proportional to Qμ(x)n. Before computing this, we first give the contribution to V_2 due to the 3-point vertices (the first two diagrams in fig. 1)

V^{(3)}_2 = − g^2_0 N^2_0 N^3 ∑ e^{i(k(α)μ +l(β)μ +m(γ)μ )}=1 ε^2αβγ Δα(k)Δβ (l)Δγ (m){ ∑ μν sin^2( k^(α^)μ − l^(β^)μ 2 ) cos^2( m^(γ^)ν 2 )

+ ∑ μ [sin(k^(α^)μ ) sin(l^(β^)μ ) − 1 2 sin^2(k^(α^)μ )]} . (6.22)

One easily checks that this has the correct naive [23] scaling limit, by comparing with what we found in section 2. Unlike in the continuum, it seems impossible to factorize this result in the sum of products of one-loop factors. We will still, however, be able to evaluate the time momentum sums exactly for N_0 → ∞, due to the remarkable formula

M(m^2_1, m^2, m^2_3) ≡ ∫ 2π 0 dk ∫ 2π 0 dp 1 (4 sin^2( k^0_2 ) + m^2_1)(4 sin^2( p^0_2 ) + m^2)(4 sin^2( k^{0+}p^0_2 ) + m^2_3) = π^2 2A B + 1 B − 1 , A = Π^3i_{=1}mi √ 1 + 1 4 m^2i , B = Π^3i_{=1}(1 + 1 2 m^2i + mi √ 1 + 1 4 m^2i ) . (6.23)

This result is proved most easily in the coordinate representation (I thank G. ‘t Hooft and J. Groeneveld for suggesting this) because the propagator is as in the continuum exponential in t, which is implicit in eq. (4.42)

Δm(t) = 2π ∫ 2π 0 dk eikt 4 sin^2(k/2) + m^2 = π ( 1 + m^2/2 + m √ 1 + m^2/4 )−|t| m √ 1 + m^2/4

. (6.24)

The result of eq. (6.23) follows now trivially from

M(m^2_1, m^2, m^2_3) = 1 2π ∑ t∈ZZ Δm_1 (t)Δm_2 (t)Δm_3 (t) . (6.25)

The computation of < S^{(4)}+S^{(4)}gf >c can be considerably simplified by noting e.g., that terms like Tr(RνμQ^3ν) have vanishing expectation values, and that ∑ x Tr(Rνμ(x)^4) = ∑ x Tr(Qμ(x)^4).

One finds after tedious algebra

V^{(4)}_2 = g^2_0 N^2_0 N^3 ∑ k,l {4κδ⃗k_+⃗l,⃗_0 ∑ α≠β Δα(k)Δβ (l) + 1 8 ∑ μ≠ν,α,β cos(k^(α^)μ ) cos(l^(β^)ν )Δα(k)Δβ (l) + 3 4 ∑ μ,α,β (cos(k^(α^)μ ) − 1 2 )Δα(k)Δβ (l) − 1 4 ∑ μ≠ν,α cos(k^(α^)μ ) cos(l^(α^)ν )Δα(k)Δα(l)

+ 3 4 ∑ μ,α sin^2( k^(α^)μ − l^(α^)μ 2 )Δα(k)Δα(l) } − g^2_0 N_0 ( 12κ − 11ε 24N^3 + 1 8 ) ∑ α,k Δα(k) . (6.26)

The parameters κ and ε will distinguish the different situations. When we consider the non-local background field gauge κ = 1 and otherwise it is zero. The parameter ε = 1 corresponds with the fact that the ⃗k = ⃗0 mode is excluded in the momentum sums over k. For the case of twisted boundary conditions in the Lorentz gauge one therefore has to take ε = κ = 0. It is important to observe that V_2 is independent of u and v. For ε = 1 this confirms the subtlety of eq. (6.11).

Combining V^{(3)}_2 and V^{(4)}_2 allows us in principle to calculate the lattice artifact contributions to the two-loop effective potential. It should be noted that in the scaling limit N → ∞, NV_2 is supposed to remain finite, but separate terms can diverge as N^4 and subtle cancellations are required. Although we did not discuss this, the same happens for the one-loop coefficients, which are combinations of terms that in general will diverge, but nevertheless when taken together will reproduce the correct result for N → ∞ (see table 3). It is from the lattice calculation that we became aware of the problems that were discussed in section 2. Like in section 2, let us consider the difference between the non-local and Lorentz gauge results for V_2, computed with a time-independent background field. This is precisely the sum of the terms proportional to κ appearing in eq. (6.26). For a vanishing background field one simply finds

V N_2 (0) − V L_2 (0) = N −^3 ∑ ⃗k≠⃗0 (24δ_1(⃗k)^2 − 3 2 δ_1(⃗k)) . (6.27)

But, this does not vanish as 1/N, which is required for eq (5.27) to have a finite scaling limit. It is yet another manifestation of the fact that at two-loop order, one is not allowed to neglect the contributions due to a “dynamical” background field.

Let us conclude this section by mentioning that in the presence of twisted boundary conditions [12], eqs. (6.22) and (6.26) provide the complete result for the two-loop vacuum energy, by putting ε = κ = 0 and {α, β, γ} ∈ {1, 2, 3} (see the discussion below eq. (6.20)). Using eq. (6.23) one can express this vacuum energy as a six dimensional sum over the spatial lattice momenta and NV_2 should now have a finite scaling limit that will coincide with the continuum value [12]. 7. Discussion

This paper is intended as the last in a series of papers that studied gauge theories in finite volumes. See ref. [24] for a more pedagogical presentation. The most detailed results are available for SU(2), both from the analytical and the Monte Carlo points of view. This is an important “laboratory” for non-abelian gauge theories, but fortunately analytic results are now also available for the more realistic gauge group SU(3) [25], with results quite similar to those for SU(2). Also massless fermions have been include [26,27], which for example showed that in small volumes chiral symmetry is unbroken [26], as was recently confirmed in a Monte Carlo analysis [28].

From the theoretical point of view, the significance of the intermediate volume calculations is that one deals with wavefunctionals that spread out beyond the Gribov horizons closest to the origin in field space, which to some extent dominate the low-lying mass spectrum. For a more thorough discussion see ref. [29], which also discusses the case of arbitrary gauge groups in more detail. It is hoped that our understanding in intermediate volumes, which is by now fairly complete, will give important clues for the non-perturbative dynamics in larger volumes. Still much work remains to be done in that direction.

The relatively simpler case of SU(2) has allowed quite a detailed analysis, including higher order corrections and lattice artifacts in the analytic calculations. This has been the subject of the present paper. Of practical use will be the new terms of the form c^2 ∂^2∂c_2 , that complete the effective Hamiltonian (in a finite cubic volume) to fourth order in the coupling constant g (where c = O(g^2/^3)). For easy reference, the resulting effective Hamiltonian is summarized in section 8, together with the numerical values of the various coefficients.

This paper furthermore addresses a few rather technical issues. It gives the details (in sections 4 and 5, summarized in section 8) of the lattice calculations of which the results were presented in ref. [4]. These results demonstrated that after including the lattice effects in the analytic calculations, the agreement with the most accurate Monte Carlo data [2] (with statistical errors as small as 2%, and systematic errors presumably under control) was almost perfect in volumes up to 0.7 fermi. Another motivation to write this paper was to include two-loop lattice corrections* of the type that were also included in the continuum. Section 6 demonstrated that such a computation can be performed in principle. However, in the course of this analysis we became aware of an embarrassing flaw in the background field calculations we had employed also in the continuum. It is most apparent when comparing the non-local background field gauge we had used in the past with the Lorentz gauge. In section 2 we demonstrated that at two-loop order these two gauges give inequivalent results.

We performed the laborious, but systematic and reliable method of Hamiltonian perturbation theory [5] to fourth order in the gauge coupling constant (section 3) in order to understand the origin of this problem. (The help of a powerful algebraic manipulation programme like FORM [13] was essential to bring this calculation to a successful end.) By comparing the Hamiltonian and background field methods, the origin of the gauge dependence in the latter arises because that method does not consistently incorporate the dynamical (i.e. time-dependent) nature of the background field. Although we were aware of this, we had assumed incorrectly that this only affected the g^4_0c^2e^2 terms (e is the momentum conjugate to c). To be a little more explicit, the Hamiltonian analysis receives contributions from disconnected diagrams, since these diagrams now depend on the operators c and e which do not mutually commute. (If they would commute, disconnected diagrams will not contribute to the effective Hamiltonian.) These so-called disconnected contributions are precisely of the form observed in the difference between the Lorentz and non-local background field gauges. They are actually of quite a simple form and it is very unfortunate (and frustrating) not to have been able to modify the background field analysis to incorporate these additional terms

* For a much more general and systematic discussion of lattice perturbation theory the reader should consult refs. [17,23] and in particular ref. [18].

in a reliable and systematic way. Nevertheless, the Hamiltonian analysis does not suffer from these problems, and has the added advantage that also the Gribov problem was analysed in the Hamiltonian framework [6,24,29] so that the finite volume analysis is now on a much firmer footing, giving additional support for the reliability of the comparison between the analytic and Monte Carlo results [4]. Due to the essentially non-perturbative nature of the dynamics involved, we believe that it has been worthwhile the effort.

The most important conclusion of this paper is that the effective Hamiltonian we have used in the past (apart from a unitary transformation that includes a necessary field renormalization) is confirmed by the Hamiltonian analysis. For two-loops it has been a fortunate intuition concerning the absence of “non-local” contributions [12] that (unknowingly) led us to the correct result. For the one-loop O(g^4_0) terms it is because we had neglected in the past terms of the form g^4_0c^2e^2 (c is the zero-momentum component of the gauge field and e its conjugate momentum), that allowed us to find a unitary transformation which brings the effective Hamiltonian to the form we previously [6] employed, but furthermore it gives (see section 8) the precise form of these neglected terms (we have good reasons to believe that their influence on the mass-ratios is not larger than one percent).

8. Summary

This section will summarize the results for the full continuum effective Hamiltonian (eq. (3.47)) and lattice effective Lagrangian (eq. (5.1)) for pure SU(2) gauge theory in a finite cubic volume. It will also provide the numerical values of the various coefficients and review the appropriate choice of the boundary conditions (in configuration space) for the wavefunctions. The effective Hamiltonian is expressed in terms of the coordinates cai , where i = {1, 2, 3} is the spatial index (c_0 = 0) and a = {1, 2, 3} is the SU(2)-colour index. These coordinates are related to the zero-momentum gauge fields through Aai (x) = cai L . (8.1)

The following two composite fields will occur F aij = −εabdcbi cdj , ri = √∑ a cai cai , (8.2) which represent the field strength and the gauge-invariant “radial” coordinate. The latter will play a crucial role in specifying the boundary conditions. For dimensional reasons the effective Hamiltonian is proportional to 1/L, it will furthermore depend on L through the renormalized coupling constant (g(L)) at the scale μ = 1/L. To one-loop order one has (for small L) 1 g(L)^2 = −11 ln(ΛMSL) 12π^2

. (8.3) In practise the perturbative expansion of g(L) is known to be reasonable only for unreasonably small volumes. One expresses the masses and the size of the finite volume in dimensionless quantities, like mass-ratios and the parameter z = mL. In this way, the explicit dependence of g on L is irrelevant. This mode of presenting the physical quantities has turned out to be extremely fruitful [3,6]. We now give the effective Hamiltonian (eq. (3.47)). L·Heff (c) = − g^2 2(1 + α_1g^2) ∑ i,a ∂^2 ∂cai^2 + 1 4 ( 1 g^2

+ α_2) ∑ ij,a F aij^2 + γ_1 ∑ i r^2i + γ_2 ∑ i r^4i + γ_3 ∑ i>j r^2i r^2j + γ_4 ∑ i r^6i + γ_5 ∑ i≠j r^2i r^4j + γ_6 ∏ i r^2i

+ α_3 ∑ ijk,a r^2i F ajk^2 + α_4 ∑ ij,a r^2i F aij^2 + α_5det^2c

− g^4 2 ∑ ab (β_1 ∑ i≠j {cai cai , ∂^2 ∂cbj∂cbj } + β_2 ∑ i≠j {cai cbj, ∂^2 ∂cai ∂cbj } + β_3 ∑ i {cai cai , ∂^2 ∂cbi ∂cbi }

+ β_4 ∑ i {cai cbi , ∂^2 ∂cai ∂cbi } + β_5 ∑ i≠j {cai caj , ∂^2 ∂cbi ∂cbj } + β_6 ∑ i≠j {cai cbj, ∂^2 ∂cbi ∂caj }

+ β_7 ∑ i≠j {cai cbi , ∂^2 ∂caj ∂cbj }) . (8.4)

We have organized the terms according to the importance of their contributions. The first line gives (when ignoring α_1,_2) the lowest order effective Hamiltonian (eq. (1.1)), whose energyeigenvalues are O(g^2/^3), as can be seen by rescaling c with g^2/^3. Thus, in a perturbative expansion c = O(g^2/^3). The second line includes the “vacuum-valley” effective potential (i.e. the part that does not vanish on the set of abelian configurations). These two lines are sufficient to obtain the mass-ratios to an accuracy of better than 5%. The third line gives terms of O(g^4) in the effective potential, that vanish along the vacuum-valley. The remaining terms (the last three lines) have been computed in the present paper. Taken together, this is to O(g^4) the complete effective Hamiltonian. In table 4 we give the numerical values of the various coefficients*. Where numbers are quoted within square brackets, they are of higher order than O(g^4) and were not checked with Hamiltonian perturbation theory. Also, it is maybe worthwhile pointing out that we have applied a unitary transformation to the effective Hamiltonian as derived from Hamiltonian perturbation theory, such that for βi = 0 the result coincides with those based on a background field analysis [6]. This is allowed as long as we are only interested in the spectrum of the theory.

To present the lattice effective Hamiltonian will not be very informative because its coefficients are too complicated to be presented in print. They can, however, be requested from the author in the form of C-programme subroutine. Instead we will summarize the lattice effective Lagrangian for a cubic spatial lattice of N sites in each spatial direction. N·Leff = 2N^4( 1 g^2_0

+ α_1(N)) ∑ i Tr(1 − Ui(t + 1)U †i (t)) +

N^4 g^2_0 ∑ ij Tr(1 − Ui(t)Uj (t)U †i (t)U †j (t)) + γ_1(N) ∑ i r^2i + γ_2(N) ∑ i r^4i + γ_3(N) ∑ i>j r^2i r^2j + γ_4(N) ∑ i r^6i + γ_5(N) ∑ i≠j r^2i r^4j + γ_6(N) ∏ i r^2i + α_2(N) 4 ∑ ij,a F aij^2 + α_3(N) ∑ ijk,a r^2i F ajk^2 + α_4(N) ∑ ij,a r^2i F aij^2 + α_5(N)det^2c (8.5)

Here Ui is an SU(2) matrix which is related to the zero-momentum gauge field cai by Ui = cos( ri 2N ) + i ∑ a cai σa ri sin( ri 2N ) (8.6) where σa are the Pauli-matrices. This implicitly determines ri (since we will only need 0 ≤ ri ≤ π, there is no ambiguity). Furthermore, the identities ∑ a F aij^2 = r^2i r^2j sin^2( r^i_2N )sin^2( r^j_2N ) Tr(1 − UiUjU †i U †j ) , cai = −i ri 2 sin( r^i_2N ) Tr(Uiσa) , (8.7) allow one to express this effective Lagrangian entirely in terms of the variables Ui. Table 5 will present numerical results for the coefficients at a few values of N (see table 3 for general N). The perturbative expansion of the effective theory is thus given by the pathintegral Z = ∫ ∏ t dUi exp[− ∑ t Leff (Ui(t))] . (8.8) * When comparing with the publications predating ref. [4a], one should be aware that α_3 was listed with the wrong sign (e.g. κ_8 = α_3 in Table 1 of ref. [6] should flip sign) and that in Table 1 of ref. [4a] α_2 should be divided by 10. We intend to avoid any such errors here.

Note that time is discrete, as on the original lattice. This partition function therefore defines a transfer matrix whose logarithm gives the lattice effective Hamiltonian, see section 5 for details. To describe the non-perturbative dynamics in intermediate volumes one has to incorporate the fact that the zero-momentum configuration space is compact. In the Hamiltonian analysis this is achieved by imposing appropriate boundary conditions at ri = π. An alternative formulation for the lattice effective theory will be discussed at the end of this section.

First we will review the choice of boundary conditions [6,7], associated to each of the irreducible representations of the cubic group O(3, ZZ) and to the states that carry electric flux [8]. The best way to describe these boundary conditions, is to observe that the cubic group is the semidirect product of the group of coordinate permutations S_3 and the group of coordinate reflections Z^3_2 . We denote the parity under the coordinate reflection cai → −cai by pi = ±1. The electric flux quantum number for this direction will be denoted by qj = ±1. This is related to the more usual [6,8] additive (mod 2) quantum number ei by qj = exp(iπej ). Note that for SU(2) electric flux is invariant under coordinate reflections. If not all of the electric fluxes are identical the cubic group is broken to S_2 ×Z^3_2 , where S_2(∼ Z_2) corresponds to interchanging the two directions with identical electric flux (unequal to the other electric flux). If all the electric fluxes are equal, the wavefunctions are irreducible representations of the cubic group. These are the four singlets A±_{1(2)}, which are completely (anti-)symmetric with respect to S_3 and have each of the parities pi = ±1. Then there are two doublets E±, also with each of the parities pi = ±1 and finally one has four triplets T ±_{1(2)}. Each of these triplet states can be decomposed into eigenstates of the coordinate reflections. Explicitly, for T ±_{1(2)} we have one state that is (anti-)symmetric under interchanging the two- and threedirections, with p_2 = p_3 = −p_1 = ∓1. The other two states are obtained through cyclic permutation of the coordinates. Thus, any eigenfunction of the effective Hamiltonian with specific electric flux quantum numbers qi can be chosen to be an eigenstate of the parity operators pi. The boundary conditions of these eigenfunctions Ψ⃗q,⃗p(c) are simply given by Ψ⃗q,⃗p(c)|_{ri=π} = 0 , if piqi = −1 ∂ ∂ri (riΨ⃗q,⃗p(c))|_{ri=π} = 0 , if piqi = +1 (8.9) and one easily shows that with these boundary conditions the Hamiltonian is hermitian with respect to the innerproduct < Ψ, Ψ′ >= ∫ r_i≤π d^9cΨ∗(c)Ψ′(c) . (8.10)

For negative parity states this description is, however, not accurate [7]. Including those would require a much more detailed analysis [24]. Also note that for T_2 the boundary conditions stated in ref. [6] effectively correspond to a state with two units of electric flux [7] which was later called [27,3a] T^+_{11}.

The boundary conditions arise due to the topological non-trivial nature of configurations space, which forces one to formulate the theory on different coordinate patches (for SU(2) eight in total). There is a nice trick [27] which avoids using boundary conditions. In essence it is based on the fact that the boundary conditions imply [3a] that we formulate the theory on S^3_3 . Each three-sphere is associated with one ri. The equator corresponds with ri = π and it divides the three-sphere in the two-coordinate patches. Since S_3 can naturally be identified with SU(2), we can choose our coordinates to be labeled by an SU(2) matrix Vi. The two coordinate patches are distinguished by sign(Tr(Vi)). The relation between the variables Vi and cai is almost identical to what we found for the lattice in eq. (8.6)

Vi = cos( ri 2 ) + i ∑ a cai σa ri sin( ri 2 ) . (8.11)

and one easily verifies that Vi = U Ni . One coordinate patch is defined by 0 ≤ ri ≤ π, for which the relation between Ui and Vi can be inverted uniquely. By defining

Ui = {sign(Tr(Vi))Vi}^1/N , (8.12)

both coordinate patches of Vi are mapped on 0 ≤ ri ≤ π. Since Vi continuously matches the two coordinate patches, it can be shown [27b] (see also [3a]) that the boundary conditions are automatically and correctly implemented, provided the integration measures for the two coordinate patches match continuously at the equator of the three-sphere. Since NdUi = { 4 − Tr(Ui)^2 4 − Tr(Vi)^2 }dVi , (8.13) this is easily seen to be satisfied. The effective lattice theory including the intermediate volume non-perturbative behaviour can now be formulated in terms of an SU(2) lattice gauge theory for a lattice that has only one site in each of the three spatial directions Z = ∫ ∏ i,t dVi(t) exp[− ∑ t L′eff (Ui{Vi(t)})] L′eff (Ui) = Leff (Ui) + ∑ i {ln(4 − Tr(U Ni )^2) − ln(4 − Tr(Ui)^2)} . (8.14)

This way of formulating the lattice effective theory allows one to use the Monte Carlo method to measure the masses of the various states. Ref. [27b] provides a list of operators with the appropriate quantum numbers. Since the number of degrees of freedom is drastically reduced, it should not be difficult to acquire a reasonable numerical accuracy with modest computational effort. In this way one can avoid the complicated computation of section 5 for the logarithm of the transfer matrix.

Acknowledgements This research has been made possible by a fellowship of the Royal Netherlands Academy of Arts and Sciences.

References [1] B.A. Berg and A.H. Billoire, Phys. Rev. 40(1989)550 ; B.A. Berg and C. Vohwinkel, Phys. Rev. 40(1989)584; Tallahasse preprint FSU-SCRI-89-141, November 1989 [2] C. Michael, G.A. Tickle and M.J. Teper, Phys. Lett. 207B(1988)313 ; C. Michael, Nucl.Phys. B329(1990)225 [3] a. P. van Baal and A. Kronfeld, Nucl. Phys. B(Proc. Suppl.)9(1989)227 ; b. C. Michael, Nucl. Phys. B(Proc. Suppl.)17(1990) [4] a. P. van Baal, Phys. Lett. B224(1989)397 ; b. P. van Baal, Nucl. Phys. B(Proc.

Suppl.)17(1990)581 [5] M. Lüscher, Nucl. Phys. B219(1983)233 ; M. Lüscher and G. Münster, Nucl. Phys.

B232(1984)445 [6] J. Koller and P. van Baal, Nucl. Phys. B302(1988)1 [7] C. Vohwinkel, Phys. Lett. B213(1988)54 [8] G. ’t Hooft, Nucl. Phys. B153(1979)141 [9] J. Hoek, Nucl. Phys. B332(1990)530 [10] C. Bloch, Nucl. Phys. 6(1958)329 [11] M. Lüscher, unpuplished notes ; For a description of this method in the O(N) model see:

M. Lüscher, Phys. Lett. B118(1982)391 ; E.G. Floratos and D. Petcher, Nucl. Phys. B252(1985)689 [12] T. H. Hansson, P. van Baal and I. Zahed, Nucl. Phys. B289(1987)628 [13] J.A.M. Vermaseren, The Symbolic Manipulation Programme FORM, to appear [14] N.M. Christ and T.D. Lee, Phys. Rev. D22(1980)939 [15] K. Wilson, Phys. Rev. D10(1974)2445 [16] R. Dashen and D.J. Gross, Phys. Rev. D23(1981)2340 [17] M. Lüscher, Selected Topics in Lattice Field Theory, DESY preprint 88-156, November 1988, to appear in the proceedings of the Summer School “Fields, Strings and Critical Phenomena”, Les Houches, 1988 [18] M. Lüscher and P. Weisz, Nucl. Phys. B226(1986)309

[19] G. ‘t Hooft, Nucl. Phys. B62(1973)444 [20] A. Hasenfratz and P. Hasenfratz, Phys.Lett. 93B(1980)165 ; Nucl.Phys. B193(1981)210 ;

P. Weisz, Phys. Lett. 100B(1981)330 [21] A. Gonzalez-Arroyo, C.P. Korthals-Altes, Nucl. Phys. B311(1988)433 ; D. Daniel, A.

Gonzalez-Arroyo, C. Korthals-Altes and B. Söderberg, Phys. Lett. B221(1989)136 [22] P. Stephenson and M. Teper, Nucl. Phys. B327(1989)307 [23] T. Reisz, Nucl. Phys. B318(1989)417; Comm. Math. Phys. 116(1988)81 [24] P. van Baal, Acta Phys. Pol. B20(1989)295 [25] C. Vohwinkel, Phys. Rev. Lett. 63(2989)2544 [26] P. van Baal, Nucl. Phys. B307(1988)274 ; in: Frontiers in Nonperturbative Field Theory, eds. Z. Horvath, e.a., World Scientific, Singapore, 1989, p.204 [27] a. J. Kripfganz and C. Michael, Nucl. Phys. B314(1989)25 ; b. C. Michael, Nucl.Phys.

B329(1990)225 [28] J.B. Kogut, D.K. Sinclair, M. Teper, Topological fluctuations in lattice QCD: an exploratory study, Oxford preprint OUTP-90-14P [29] P. van Baal, Beyond the Gribov Horizon in the Femto Universe, Utrecht preprint THU- 89/32, December 1989, to appear in the Proceedings of the workshop “Probabilistic Methods in Field Theory and Quantum Gravity” (Cargèse, August 21-27, 1989), ed. P.H. Damgaard, Plenum Press.

[30] D. Daniel, A. Gonzalez-Arroyo, C. Korthals-Altes, The Energy Levels of Lattice Gauge Theory in a Small Twisted Box, Madrid preprint FTUAM/90-23, August 1990.

TABLE CAPTIONS

Table 1: The coefficients as occurring in the one-loop effective potential, eq. (2.1), in the approximation of a time-independent background field for the non-local gauge (1.5), Lorentz gauge (1.6) and the Coulomb gauge in the Hamiltonian formulation of section 3. The coefficients are to be summed over all non-zero momenta, where ⃗k ∈ (2πZZ)^3 and k ≡ |⃗k|. When the momentum sums are divergent in three dimensions we give the coefficients as a function of d. (Note that γ_1,_2,_3 have a finite d → 3 limit and that all γi are gauge independent).

Table 2: The coefficients as occurring in the effective Hamiltonians, eqs. (3.47) and (3.43). The coefficients are to be summed over all non-zero momenta, where ⃗k ∈ (2πZZ)^3 and k ≡ |⃗k|. When the momentum sums are divergent in three dimensions we give the coefficients as a function of d. The coefficients γi were given in table 1.

Table 3: The coefficients for the lattice in the non-local gauge with a time-independent background field. The coefficients are to be summed over all non-zero lattice momentum ( ∑N−1 k_i=0 , excluding

⃗k = ⃗0). We used the shorthand notation di = δi(⃗k), si = sin(ki) and ci = cos(ki).

Table 4: The numerical values for the coefficients αi, βi and γi as occurring in the effective Hamiltonian of eq. (8.4). The square brackets indicate that these terms are of higher order than O(g^4). Note that α_1,_2 = limd→_3 αR_1,_2(d) (see eq. (4.49)).

Table 5: The numerical values for the coefficients αi(N) and γi(N) as occurring in the effective Lagrangian of eq. (8.5) for a few values of N (see table 3 for arbitrary N). In this table αR_1,_2(N) = α_1,_2(N) +^{11}_{12}π_2 ln(NΛL/ΛMS) (eq. (4.48)), such that all coefficients approach their continuum values (table 4) for N → ∞.

FIGURE CAPTIONS

Figure 1: The two-loop Feynman diagrams that contribute to V_2.

Figure 2: The effective potential N(V^{ab}_1 (⃗r; N) + 4asinh{ √∑ i sin^2(ri/2N)}), see eq. (4.43), along the r_1 axis for N = 4 (dashed line), N = 6 (dashed-dotted line) and N = ∞ (solid line), where the latter is equivalent to the continuum.

Figure 3: The one-loop Feynman diagrams that contribute to α^(i^)_1 (N), eq. (4.46).

Table 1

Non − local gauge Lorentz gauge Coulomb gauge (H′_{(2)})

α_1(d) −^7d^{+1}_4dk_3 −^3d^{+1}_4dk_3 − d−^1dk_3 α_2(d) d^2−^{15}d^{+6}

4dk^3 +

5(d−1)k^2_1k^2 k^7 d^2−7d+6 4dk^3 +

5(d−1)k^2_1k^2 k^7 d^2−9d+16 4dk^3 +

5(d−1)k^2_1k^2 k^7

α_3^{583}_{96}k_5 −^{1029}k^{41}_{16}k_9 +^{189}k^{61}_4k_{11}^{391}_{64}k_5 −^{1029}k^{41}_{16}k_9 +^{189}k^{61}_4k_{11}^{599}_{96}k_5 −^{1025}k^{41}_{16}k_9 +^{189}k^{61}_4k_{11} α_4 −^{469}_{32}k_5 +^{4865}k^{41}_{32}k_9 −^{441}k^{61}_4k_{11} −^{469}_{32}k_5 +^{4865}k^{41}_{32}k_9 −^{441}k^{61}_4k_{11} −^{465}_{32}k_5 +^{4845}k^{41}_{32}k_9 −^{441}k^{61}_4k_{11} α_5 −^{39}_4k_5 +^{1407}k^{41}_{16}k_9 −^{63}k^{61}k_{11} −^{369}_{32}k_5 +^{1407}k^{41}_{16}k_9 −^{63}k^{61}k_{11} −^{23}_2k_5 +^{1395}k^{41}_{16}k_9 −^{63}k^{61}k_{11} γ_1(d)^(d−^{1)2}_2dk γ_2(d) −^(d−^{1)(}d−^{6)}

8dk^3 −

5(d−1)k^4_1 8k^7

γ_3(d) −^(d−^{1)(}d−^{6)}

4dk^3 −

15(d−1)k^4_1 4k^7

γ_4 −^1_2k_5 +^{35}k^{41}_8k_9 −^{21}k^{61}_8k_{11} γ_5^{23}_8k_5 −^{445}k^{41}_{16}k_9 +^{315}k^{61}_{16}k_{11} γ_6 −^{117}_4k_5 +^{315}k^{41}k_9 −^{945}k^{61}_4k_{11}

The coefficients as occurring in the one-loop effective potential, eq. (2.1), in the approximation of a time-independent background field for the non-local gauge (1.5), Lorentz gauge (1.6) and the Coulomb gauge in the Hamiltonian formulation of section 3. The coefficients are to be summed over all non-zero momenta, where ⃗k ∈ (2πZZ)^3 and k ≡ |⃗k|. When the momentum sums are divergent in three dimensions we give the coefficients as a function of d. (Note that γ_1,_2,_3 have a finite d → 3 limit and that all γi are gauge independent).

Table 2

Ĥ′ R = Ĥ_1 + Ĥ_2 H′R = H_1 + H_2

α_1(d) −^7d^{+1}_4dk_3 −^7d^{+1}_4dk_3 α_2(d) d^2−^{15}d^{+6}

4dk^3 +

5(d−1)k^2_1k^2 k^7 d^2−15d+6 4dk^3 +

5(d−1)k^2_1k^2 k^7

α_3^{583}_{96}k_5 −^{1029}k^{41}_{16}k_9 +^{189}k^{61}_4k_{11}^{93}_{16}k_5 −^{251}k^{41}_4k_9 +^{189}k^{61}_4k_{11} α_4 −^{469}_{32}k_5 +^{4865}k^{41}_{32}k_9 −^{441}k^{61}_4k_{11} −^{111}_8k_5 +^{1185}k^{41}_8k_9 −^{441}k^{61}_4k_{11} α_5 −^{39}_4k_5 +^{1407}k^{41}_{16}k_9 −^{63}k^{61}k_{11} −^{81}_8k_5 +^{333}k^{41}_4k_9 −^{63}k^{61}k_{11} β_1 −^7_{96}k_5 +^{27}k^{41}_{32}k_9^1_4k_5 + k^{41}_{16}k_9 β_2 −^{21}_{32}k_5 +^{59}k^{41}_{32}k_9 −^1_{96}k_5 +^9k^{41}_{32}k_9 β_3^{23}_{24}k_5 −^{27}k^{41}_{16}k_9^3_8k_5 − k^{41}_8k_9 β_4^{11}_6k_5 −^{59}k^{41}_{16}k_9^2_3k_5 −^9k^{41}_{16}k_9 β_5^3_{16}k_5 +^{27}k^{41}_{16}k_9^1_{16}k_5 + k^{41}_8k_9 β_6^1_{96}k_5 +^{59}k^{41}_{32}k_9 −^{11}_{96}k_5 +^9k^{41}_{32}k_9 β_7^{61}_{96}k_5 +^{59}k^{41}_{32}k_9^{49}_{96}k_5 +^9k^{41}_{32}k_9

The coefficients as occurring in the effective Hamiltonians, eqs. (3.47) and (3.43). The coefficients are to be summed over all non-zero momenta, where ⃗k ∈ (2πZZ)^3 and k ≡ |⃗k|. When the momentum sums are divergent in three dimensions we give the coefficients as a function of d. The coefficients γi were given in table 1.

Table 3

Non − local gauge lattice coefficients

α_1(N) {(16d_0(1 + d_0/4)d_4/3 + 4d_2 − 6(2 + d_0)d_3)s^2_1 − d_2(3s^2_1 + 4(1 + c_1)) −(1 + 2d_1d_0)/8 + c_1(2d_1 − d_2d_0) + d_2d^2_0/4}N −^3 − γ_1N −^2 α_2(N) −4{d_1(c_1 + d_0/8)/2 + d_2(1 + c_1)(1 + c_2)/2 − d_2s^2_1/2 − 8d_4(s_1s_2)^2/3 −d_2c_1c_2/2 + 2d_3s^2_1c_2}N −^3 α_3(N) {c_1(c_2 + 4)d_2/16 − (1 + c_1)s^2d_3/2 + (1 + c_1 + c_2)c_3d_3/4 −(1 + c_1 + c_2 − 4c_1c_2 − 2s^2_1)s^2_3d_4/3 − 4(s_1s_2)^2c_3d_5 + 16(s_1s_2s_3)^2d_6/5}N −^5 α_4(N) {(22c_1 + 8c^2_1 − 3 + 6c_1c_2)d_2/24 − (18 − c_2 + 9c_1)s^2_1d_3/12 + (3 + c_1)d_1/48 −2s^2_1c_2(s^2_1 + 9s^2)d_5/3 + (6 − 25s^2_1 + 3s^2 − 6c_1 − 6c_2 + 12c_1c_2)s^2d_4/9 +(1 + c_1 + c_2)c_1d_3/2 + 32s^4_1s^2d_6/15}N −^5 − 2α_3(N) α_5(N) {3d_2c_2c_1/8 − (c_1c_2c_3 − (1 + c_1)(1 + c_2)(1 + 4c_3))d_3/2 − 4(1 + c_1)(1 + c_2)s^2_3d_4 +4(s_1s_2)^2c_3d_5 − 64(s_1s_2s_3)^2d_6/15 − 2(s_1s_2)^2d_4}N −^5 γ_1(N) −{4d_2s^2_1 − 2d_1c_1}N −^1 γ_2(N) −{d_1c_1/6 − 4d_2s^2_1/3 + d_2c^2_1 − 4d_3s^2_1c_1 + 4d_4s^4_1/3}N −^3 γ_3(N) −2{d_2c_1c_2 − 2d_3(s^2_1c_2 + s^2c_1) + 4d_4(s_1s_2)^2}N −^3 γ_4(N) {c^2_1d_2/6 − 5c_1s^2_1d_3/3 + 8s^4_1d_4/9 + c^3_1d_3/3 + 4s^4_1c_1d_5/3 −8s^6_1d_6/45 − 2(c_1s_1)^2d_4 − 8s^2_1d_2/45 + c_1d_1/180}N −^5 γ_5(N) {c_1c_2d_2/6 + c_2(c^2_1 − 5s^2_1/3)d_3 + 2s^2d_4(4s^2_1/3 − c_1(c_1 + 2c_2)) +4s^2_1c_2d_5(2s^2 + s^2_1/3) − 8s^4_1s^2d_6/3}N −^5 γ_6(N) {8(s_1s_2)^2(3c_3d_5 − 2s^2_3d_6) + 2c_1c_2c_3d_3 − 12s^2_1c_2c_3d_4}N −^5

The coefficients for the lattice in the non-local gauge with a time-independent background field. The coefficients are to be summed over all non-zero lattice momentum ( ∑N−1 k_i=0, ex-

cluding ⃗k = ⃗0). We used the shorthand notation di = δi(⃗k), si = sin(ki) and ci = cos(ki).