CERN-TH.5224/88 LAPP-TH-233/88 IPNO-TH 88-59

On the Algebraic Characterization of Witten’s Topological Yang-Mills Theory

Stéphane OUVRY Division de Physique Théorique∗, I.P.N.

F91406 Orsay Cedex, France and L.P.T.P.E.

Raymond STORA L.A.P.P., B.P.909 F74019 Annecy-le-Vieux, France

Pierre van BAAL CERN, CH-1211 Geneva 23, Switzerland

ABSTRACT

We interpret in terms of “basic” cohomology the recently proposed supersymmetric, supergauge invariant formulation of topological Yang-Mills theory. Our interpretation shows that this formulation leads to the correct observables.

∗ Laboratoire Paris 6-Paris 11 associé au C.N.R.S. CERN-TH.5224/88 LAPP-TH-233/88 IPNO-TH 88-59 November 1988

1. Introduction

In a recent series of articles [1], E. Witten investigates the expression of various topological invariants in terms of local field theory. The first examples of this sort we know of are due to A.S. Schwarz [2] who gives a field theory expression for the Ray-Singer analytic torsion [3], and are related to the quantization of differential forms [4]. The situations considered by E. Witten are of a more exotic type and lead to essentially non-linear field theories, to be treated in the weak coupling regime. In principle, to obtain the sort of results one expects, a rigorous treatment of the renormalized perturbation expansion ought to be sufficient for a rigorous mathematical construction. Here, we shall be concerned with gauge fields and the recently discovered Donaldson invariants [5].

The following construction owes much to seminars by I.M. Singer, L. Baulieu [6] and P. Braam [7]. However, since local field theory is to be used [8], we find it necessary to characterize the model by a complete set of Ward identities. We believe that ref.[6], as well as subsequent proposals [9] are incomplete in this respect. The solution is to be found in an article by T.H. Horne [10]. The purpose of this note is to explain why, in more geometrical terms.

2. The differential algebra

As suggested in E. Witten’s paper [1a] (eq. (2.41)) and emphasized in ref.[6], one wishes to gauge-fix a topological invariant, e.g. Sinv(A) = Z M tr(F (A) ∧ F (A)) , (1)

where F (A) is the curvature of a connection A on a principal G−bundle P (M, G), over a compact 4-manifold M, without boundary, and tr is an invariant polynomial over Lie G. The group G is assumed to be compact.

The action Sinv is, by essence, invariant under arbitrary variations of A: δA = ψ . (2) From now on, all fields are differential forms on M, taking values in ad(Lie G). One insists on gauge-fixing Sinv, leaving the gauge freedom pending till the end (because of the known Gribov difficulty), localizing the system on the self-dual connections. The corresponding gauge fixing term is: S^{(1)} = Z M tr(b ∧ b − b ∧ F − − ψ̄ ∧ (Dψ)−) , (3) where F − is the antiself-dual part of F (A) - for some metric g on M -, b and ψ̄ are antiselfdual two-forms and (Dψ)− is the antiself-dual part of Dψ, the covariant differential of the one-form ψ.

The new action Sinv + S^{(1)} is invariant under the Slavnov symmetry: s_1A = ψ , s_1ψ = 0 , s_1ψ̄ = b , s_1b = 0 (4) and satisfies S^{(1)} = s_1 Z M tr(ψ̄ ∧ (b − F −)) . (5) It is still gauge invariant, i.e. invariant under: δA = Dω , δψ = [ψ, ω] , δψ̄ = −[ω, ψ̄] , (7) δb = [b, ω] , where ω ∈ Lie G, G being the gauge group of P (M, G). This yields the nilpotent s_2 operation: s_2A = ψ − Dω , s_2ψ = [ψ, ω] , s_2ψ̄ = −[ω, ψ̄] + b , (8) s_2b = [b, ω] , s_2ω = − 1 2 [ω, ω] . The action Sinv + S^{(1)} is invariant under s_2 and does not depend on ω (the Faddeev-Popov ghost for Lie G). Except for the R b ∧ b term, it is invariant under (φ is odd): δb = [ψ̄, φ] , δψ = Dφ , (9) which yields the nilpotent operation s (now with φ even): sA = ψ − Dω , sψ = [ψ, ω] − Dφ , sψ̄ = −[ω, ψ̄] + b , (10) sb = [b, ω] − [ψ̄, φ] , sφ = [φ, ω] , sω = − 1 2 [ω, ω] + φ .

It is easy to modify S^{(1)} in such a way that it is invariant under (10). Following eq. (5) we find:

Ŝ^{(1)} = s Z M tr(ψ̄ ∧ (b − F −)) = Z M tr(b ∧ b − b ∧ F − − ψ̄ ∧ (Dψ)− + ψ̄ ∧ [ψ̄, φ]) (11) Notice that in eq.(10), sb needs a φ dependent term in order for s to be nilpotent. The φ invariance can be gauge fixed in a gauge invariant way using the gauge function D∗ψ:

Ŝ^{(2)} = Z M tr(∗β ∧ D∗ψ + ∗φ̄ ∧ (D∗Dφ + [∗ψ, ψ]) (12) Including Ŝ^{(2)} in the action, one gets the Slavnov symmetry defined by (10), together with: sφ̄ = β + [φ̄, ω] , sβ = −[ω, β] + [φ, φ̄] , (13) such that we have the following expression:

Ŝ^{(1)} + Ŝ^{(2)} = s Z M tr(∗φ̄ ∧ D∗ψ + ψ̄ ∧ (b − F −)) . (14)

A few remarks are in order:

i. Sinv + Ŝ^{(1)} + Ŝ^{(2)} is not quite the most general ω independent, gauge invariant, renormalizable action invariant under s - actually of the form Sinv + sSgf : one may add an extra term compatible with ghost number neutrality and renormalizability as in refs. [1,6,9,10] and of the form s R tr(β[φ, φ̄]). Both ω independence and gauge invariance are essential.

ii. Changing generators according to ψ′ = ψ − Dω , b′ = b − [ω, ψ̄] , φ′ = φ − 1 2 [ω, ω] , (15) β′ = β + [φ̄, ω] , the s-operation assumes the form: sA = ψ′ , sψ′ = 0 , sψ̄ = b′ , sb′ = 0 , (16) sω = φ′ , sφ′ = 0 , sφ̄ = β′ , sβ′ = 0 . It therefore has vanishing cohomology as well as vanishing cohomology mod d. The desired cohomology [1] is, however, not the local cohomology of s mod d, but its restriction to ω independent, gauge invariant objects. What is involved is equivariant cohomology [7,11], or rather its original form, namely “basic” cohomology [12], which is exactly adapted to the present local field theory context, as we shall see.

iii. It is interesting to observe that s can be split into a sum of two anticommuting differentials and that the algebra can be cast in a supersymmetric form, which is distinct from that of ref. [10], if we insist that, as we will demonstrate, s generates the supersymmetry. However, the superfield content will be that of ref. [10] (without imposing the gauge condition ω = 0). Details are given in section 4. 3. The “basic” cohomology of s

The differential algebra defined by the structure equations (10) and (13) has the following property, which makes it a differential algebra with an action of the gauge Lie algebra; for λ ∈ Lie G define: δλψ = [ψ, λ] , δλA = Dλ , δλb = [b, λ] , δλψ̄ = −[λ, ψ̄] , δλφ = [φ, λ] , δλω = −[λ, ω] , (17) δλφ̄ = [φ̄, λ] , δλβ = −[λ, β] .

Define also for λ ∈ Lie G, ιλ by ιλA = ιλψ = ιλψ̄ = ιλb = ιλφ = ιλφ̄ = ιλβ = 0 , ιλω = λ . (18) One can easily check that δλ = ιλs + sιλ (19) and one has the classical [12] commutation rules: [ιλ, ιμ]_+ = 0 , [δλ, δμ]− = δ_[λ,μ_] , [δλ, ιμ]− = ι_[λ,μ_] , (20) [s, ιλ]_+ = δλ , [s, δλ]− = 0 . This makes {δλ, ιμ|λ, μ ∈ Lie G} into a graded Lie algebra. Recall that Stot = Sinv + Ŝ^{(1)} + Ŝ(2) fulfils: sStot = δλStot = ιμStot = 0 , λ, μ ∈ Lie G . (21) In technical terms Stot is a “basic” [12] local functional for the differential structure (10),(13), with the Lie G action defined by (17),(18).

Now let us turn λ and μ into ghosts, in the usual fashion (λ odd and μ even) and define W = δ + ι , (22) where δ and ι are obtained by (17),(18) on all fields except for A, ω, λ and μ for which W A = −Dλ , W ω = −[λ, ω] − μ , W λ = − 1 2 [λ, λ] , (23) W μ = [μ, λ] . One easily shows that W^2 = 0. Adjoining λ and μ as new generators to our differential algebra, we still have a choice to define sλ and sμ. In particular, if we define s on λ and μ by: sλ = μ , sμ = 0 , (24) we obtain [s, W ]_+ = 0 . (25)

The comparison with the supersymmetric formalism of ref. [10] is now straightforward. In terms of the primed variables defined in eq. (15), one may introduce the superfields: Ax = A + θψ′ , Aθ = ω + θφ′ , Ψ̄ = ψ̄ + θb′ , (26) Φ̄ = φ̄ + θβ′ .

Then one has s = ∂ ∂θ . (27)

The supergauge transformation ghost

Λ = λ + θμ , (28)

fulfils W Λ = −^1_2 [Λ, Λ] and s still acts on Λ by ∂/∂θ. W acts on all fields by supergauge transformations, with Ax, Aθ a superconnection and Ψ̄, Φ̄ transforming under the adjoint representation.

In terms of the unprimed variables the action and local cohomology mod d are characterized by ω independence and gauge invariance, as we have already remarked. In terms of the primed variables and the supersymmetric formulation of ref. [10], this is equivalent to supersymmetry (invariance under ∂/∂θ) and supergauge invariance. So, this equivalence proves in particular that the supersymmetric supergauge invariant cohomology is identified with the “basic” cohomology, which is known to be correct ([1,6,7]). We refer to ref. [10] for the s-invariant gauge fixing of W . 4. An alternative supersymmetry

In this section we discuss the alternative supersymmetry mentioned at the end of section 2. One may split s in eqs. (10,13) as

s = σ + w , (29) with: σA = ψ , σψ = 0 , σψ̄ = b , σb = 0 , (30) σω = φ , σφ = 0 , σφ̄ = β , σβ = 0 . and wψ = [ψ, ω] − Dφ , wA = −Dω , wb = [b, ω] − [ψ̄, φ] , wψ̄ = −[ω, ψ̄] , wφ = [φ, ω] , wω = − 1 2 [ω, ω] , (31) wφ̄ = [φ̄, ω] , wβ = −[ω, β] + [φ, φ̄] . One can easily check that σ^2 = w^2 = [σ, w]_+ = 0. This structure suggests the use of a supersymmetric formalism. Let: A = A + θψ , Ω = ω + θφ , Ψ̄ = ψ̄ + θb , (32) Φ̄ = φ̄ + θβ .

Then, in terms of the superfields: σ = ∂ ∂θ , (33) and w is a supergauge transformation: wA = −D(A)Ω , wΩ = − 1 2 [Ω, Ω] , wΨ̄ = −[Ω, Ψ̄] , (34) wΦ̄ = [Φ̄, Ω] , where the covariant differential D(A) is given by D(A)Ω = dΩ + [A, Ω] . (35)

Eq. (34) defines a differential superalgebra with a super Lie algebra action in terms of:

Λ = λ + θμ , λ, μ ∈ Lie G . (36)

We define δ� according to

δ�^{A = D(A)Λ ,} δ�^{Ω = [Ω, Λ] ,} δ�^{= [Ψ̄, Λ] , (37)} δ�^{= [Φ̄, Λ]}

and ι� according to

ι�^{A = ι}�^{Ψ̄ = ι}�^{Φ̄ = 0 , ι}�^{Ω = Λ . (38)}

Then we have:

δ�^{= [w, ι}�^{] . (39)}

5. Concluding remarks

The algebraic set-up proposed in ref. [10] has been shown to describe the “basic” cohomology adapted to the characterization of a perturbative treatment [8] of the situation described by E. Witten [1] in terms of equivariant cohomology [7,11]. There are two heavy technical problems to be dealt with:

i. Perturbative renormalization theory for a field theory associated with an arbitrary compact manifold without boundary in a particular topological sector.

ii. The proper treatment of different vacua and the inclusion in the s−W operation of global zero modes, that ought to make the theory not completely empty. Acknowledgements

It is a pleasure to acknowledge the warm hospitality of the following institutions: the LAPP theory group, Merton College, the mathematics department of Salt Lake City and the CERN theory division, where most of this work was performed. We wish to thank J.H. Horne for sending his preprint and communicating additional comments, which led to the interpretation given here. We are also grateful to M.F. Atiyah, L. Baulieu, P. Braam, S.K.

Donaldson, J.M.F. Labastida, D. Montano and I.M Singer for illuminating discussions, as well as for communicating their work prior to publication. References [1] E. Witten, (a) Comm. Math Phys. 117(1988)353; Comm. Math. Phys. 118(1988)601;

Phys. Lett. 206B(1988)601 [2] A.S. Schwarz, Lett. Math. Phys. 2(1978)247; Comm. Math. Phys. 67(1978)1 [3] D.B. Ray, I.M. Singer, Adv. Math. 7(1971)145 [4] J. Thierry-Mieg, Harvard preprint HUMTP 79/B86 (1979) unpublished; H. Hata, T.

Kugo, N. Ohta, Nucl. Phys. B178(1981)527; J. Thierry-Mieg, L. Baulieu, Nucl. Phys. B228(1983)259; L. Baulieu, J. Thierry-Mieg, Phys. Lett. 144B(1984)221 [5] S.K. Donaldson, J. Diff. Geom. 18(1983)269; J. Diff. Geom. 26(1987)397; “Polynomial Invariants for Smooth Four-Manifolds”, Oxford preprint [6] L. Baulieu and I. M. Singer, communications at the “LAPP Meeting on Conformal Field Theories and Related Topics”, Annecy-le-Vieux, 14-16 March, 1988 and to be published [7] P. Braam, seminar at the CERN theory division, April 19, 1988 and at the RCP25 meeting, Strasbourg, 2-4 June 1988; “Floer Homology Groups for Homology Three- Spheres”, Utrecht preprint, Nr. 484, November 1987 [8] R. Stora, CIME lectures, July 1988 [9] J.M.F. Labastida and M. Pernici, Phys. Lett. 212B(1988)56; R. Brooks, D. Montano and J. Sonnenschein, Slac-Pub-4630, May 1988 [10] J.H. Horne, “Superspace Versions of Topological Theories”, Princeton preprint, PUPT- 1096, June 1988 [11] This is an amplification of a remark by P. Braam (see ref. [7]). See also ref. [6] and V.

Mathai and D. Quillen, Topology 1(1986)85 [12] H. Cartan in Colloque de Topologie (Espaces fibrés), C.B.R.M. Bruxelles, p.57-71;

W. Greub, S. Halperin and R. Vanstone, “Connections, Curvature and Cohomology”, Vol.III, Academic Press, New York (1976)